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INFINITE EIGENVALUE ASSIGNMENT BY
OUTPUT-FEEDBACKS FOR SINGULAR SYSTEMS

Abstract. The problem of infinite eigenvalue assignment by output-feedbacks is
considered. Necessary and sufficient conditions for the existence of a solution
to the problem are established. A procedure for computation of the output-
feedback gain matrix is given and tllustrated by a numerical example. -

1. INTRODUCTION e S

It is well-known ([1,8,10,6,9] that if a. pair (A,B) of standard linear
system X = Ax+ Bu is controllable then there exist a state-feedback gain matrix K such
that det[lns—A+BK]=p(s), where p(s)=s"+a s +..+as+a, is a given
arbitrary n degree polynomial. By changing K we may modify arbitrarily only the
coefficients g,,a,,...,a,_; but we are not able to change the degree n of the polynomial
which is determined by the matrix [ s. In singular linear systems we are also able to

change the degree of the closed-loop characteristic polynomials by suitable choice of
the state-feedback matrix K. The problem of finding of a state-feedback matrix K such
that det[Es— A+ BK]=a #0 (a is independent of s) has been considered in
[7,2]. The infinite eigenvalue assignment problem by feedbacks is very important
problem in design of the perfect observers (4,5,7]. '
In this paper the problem of infinite eigenvalue assignment by output-feedbacks is
formulated and solved. ' :
This is an extension of the method given in [7] for output feedback case. Necessary and
sufficient conditions for the existence of a solution to the problem will be established
and a procedure for computation of the output-feedback gain matrix will be presented.

2. PROBLEM FORMULATION

~Let R™™ be the set of nxXm real matrices and R" = R™.

Consider the continuous-time linear system

Es= Ax+Bu,y=Cx W
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where 55:%1, xeR", ue R™ and ye R’ are the semistate, input and output

vectors and E,A€ R .Be R™™ Ce R™ . The system (1) is called singular if
det E=0 anditis called standard when det E # 0.
It is assumed that rank E=r<n,rank B=m,rank C=p and the pair (E,A) is
regular, i.e. .

det[Es — A]# 0 for some se C (the field of complex numbers) 2)
Let us consider the system (1) with the output-feedback

u=v—ry 3)

where ve R” isanew inputand F € R™ is a gain matrix.
From (1) and (3) we have

Ex=(A—-BFC)x+ By “)

Problem 1. Given matrices E, A, B,C of (1) and nonzero scalar & (independent of
s). Finda F e R™? such that
det[Es— A+ BFCl=« ' %)

In this paper necessary and sufficient conditions for the existence of a solution to the
problem will be established and a procedure for computation of F will be proposed.

3. PROBLEM SOLUTION

From the equality
1, Es—A4
Es— A+BFC=[Es—A4,B] " _|=[1,.BF
FC C

(6)
and (5) it follows that the problem has a solution only if
rank [Es - A,B] = n for all finite s€ C @)
and
rank[:ES B A} = p for all finite s € C
L c ®)

The problem will be solved by the use of the following two steps procedure
Step 1. (Subproblem 1). Given E,A,B of (1) and a scalar ¢ . Find a matrix K =FC
such that

det[Es—A+BK]l=«a )

Step 2. (subproblem 2). Given C and K depending of some free parameters
k,,k,,....k, (found in Step 1). Find desired F satisfying the equation

K=FC (10)
The solution of the subproblem 1 is based on the following lemma [2, 7].
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Lemma 1. If the condition (2) is satisfied then there exist orthogonal matrices U,V
such that

Es-A  * | [B] E,AecR™
UlEs— AV =| 0 CLuB=| T PSR g e g (11
0 Eys—A, 0 ['E,, A, € R

where the subsystem (E,A,B) is 'completely controllable, the pair +(E,A) i
regular, F is upper triangular and * denotes an unimportant matrix.
Moreover the matrices E ,A and B, are of the forms

EIIS - AI Ells - A]l o El.l—-ls - A'l.k—l E|ks - Alk‘
E - Azl Ezzs _Aﬂ Ez.k—ls —Az.k-l Elk‘y _Azk
IS - B 0 - A] Eik ls —Al.l-l EJkS—A]k
......................................................... R .
O O O L= Eks A‘:k (llb)
Bll
5 0 |E, A eR™, i j=1..k
Y B, e R™.¥n =n,
0
with B ,A, ..., A,,, of fullrowrank and E,,..., E, nonsingular.

Remark 1. The matrix C =CV has no special form.

Theorem 1. Let the condition (2) and (7) be satisfied and let the matrices E, A, B of (])

be transformed to the forms (11). There exists a matrix K satisfying the condition (9) i
and only if

1) the subsystem (E,, A, B,) is singular, i.e. ' '

) detE, ¥O (122)

ii) if n, > 0 then the degree of the polynomial det[E s — A ] is zero, i.e.
degdet[Es—A]=0forn >0 - (12b)

Proof. Necessity. From (9) and (11a) we have ,
det[Es — A+ BK]=detU™ detV™ det{E,s— A + B K 1det[E,s— AJ=or (13

where K = KV € R™ and det[E,s— A ]=1 if n, =0.

From (13) it follows that the condition (9) holds only if the conditions (12) are satisfied.
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Sufficiency. First let us consider the single-input (m =1) case. In this case we have

a[[ alz al,nrl alnl bu
en elz el"l a a e a a 0
St % 2 21 2 14
E=0 & AT o LB =k = | (Y
00 e T D L Zana | Bane '
i 0 0 a a 0

ot Py
where e, #0,a,,, #0 for i=2,...,n and b #0.

The condition (12a) implies that ¢ =0. Premultiplying the matrix [Es—A,b] by
orthogonal row operations matrix P it is possible to make zero the entries
€166, OF E, since e, #0, i=2,..,n . By this reduction only the entries of the

first row of A will be modified.

0 O 0 an alz al.rll-l allvl
- - ay a‘zz az_., -1 az... (1 5)
E|=P|El= 0 €y A“eu. ’A'l:PlA‘l: 0 a a a ’bI:PIbl_bl
00 LA A
Let
- 1r _ _ _ -
1= E?_ [— au ’_au ’"".—‘al.nl-l ’1 - alul ] (16)
Using (13), (15) and (16) we obtain
detlEs~ A + bk, ]=
0 0 - 0 1 '
' an
Ty €850y vt € STy, €3, S T4y, _
0 _ = 45,85 '“an],nl—l =
ay, €315 T O3y €3p,5 T A3y
0 0 a"x =1 e"l"|s mm

where & = ordetU detV det P det[E,s — 4,]" -
The considerations can be easily extended for multi-input systems, m > 1. In this case
the matrix P of the orthogonal row operations is chosen so that all entries of the first

row of E = PE, are zero. By this reduction only the entries of A ,i=1,....,k and B,
will be modified. The modified matrices will be denoted by E,- Ji=1..,k and B, .
Let -

E:E—lﬁle»/—izww K11:]'*'(}} (18)
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The matrix Ge R™" in (18) is chosen so that

0o 0 - 0 D"h
Es— K +BK = A * (* denotes.unimportant entries) (19) .;
! ! 0 a, * * .‘
T OE,“ ........... o
I+l t ;
he D" and ¢ =detU™ detV det P~ det[E,s— A,].
a21a31 al.l—lc '

Using (13), (18) and (19) it is easy to verify that
det[Es— A+ BK|=cdet|lEs=A +BK|=a. 20)

Remark 2. Note that for m > 1 some entries of the matrix G in (18) can be chosen
arbitrarily. Therefore, the matrix K =KV has a number of free parameters denoted

by k. k,,..., :
The free parameters will be chosen so that the equation (10) has a solution F for given
Cand K. ‘
It is well-known that the equation (10} has a solution if and only if
. - .
rank C = rank (212)
K ,
or equivalently )
ImK” cImCT (T denotes the transpose) (21b)

where Im denotes the image

The free parameters k,,k,,..., k, are chosen so that (21) holds.

Tl poeees
, l L’ V Therefore, the following theorem has been proved.
i H ‘ ‘ Theorem 2. Let the conditions (2), (7), (8) and (12) be satisfied, .
| “ '“l The problem has a solution, i.e. there exists F satisfying (5) if and only if the freg
.!|

parameters k,,k,,..,k, of K can be chosen so that the equation (10) has a solution F

for given C and K.
From the condition (21) and (16) we have the following corollary.

'

Corollary 1. For m=1 problem has a solution if and only if the row
[@,,q,, Gy, 1] is proportional to the matrix C.

' Remark 3. If the order of system is not high say n <5 the elementary row and colums
f”m‘ operations instead of the orthogonal operations can be used.
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4. EXAMPLE
For the singular system (1) with -
o2 1 O 1 -1 0 1 10
-1 2 0 1 2 0O 01 05 1 3 -2
E=O 1 A= B= .C= (22)
00 -1 0 -1 1 -1 00 25 3 4 -1
00 0 1 0 0 2 1 00

find the gain matrix F € R?? such that the condition (5) is satisfied for ¢ =1.
In this case the pair (E,A) is regular since

-1 2s+1 s -1
0 s-1 -5-2 25 5

det[Es— Al = =@B-5)(s-D*=(s+2)(s—1)+4s '
0 1 s—1 1-s i
0 0 -2  s-1

The matrices (22) have already the desired forms (11) with A;=0,B,=0,
E=EA=AB=B,n=n=4n=2n, =n,=1,m=2 and

E—O 2 E = ! E"‘O E =1LE,=[-1E, =[]
n_O 1’ 2 _1’ 13'_2’ n = Moy T ’ 33_[

1 -1 0 1 ' ’
K =[o i } e M & M A =00 b = f’
1 0 '

A =-—1 = -_— =
23 [ ]7 A32 [Z]a A33 [l]’ Bll [O 1jl

Using the elementary row operations [6,7] we obtain A !

1 -2 =3 1
) 0 1 1 -1 :
R= |
0 0 1 0 I
0 0 01 :
-1 0 5 -5 1 =2
__ _ 0 s -1 2 0 1
and Es—A ,B |=P|Es— A B|=
[ 1 ! 1] 1[ ’ ] 0 1 s-1 1-s 0 O
0O 0 -2 s-1 0 O
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Taking into account that in this case

— — -1 (10 -5 5] [1 -2} 0 0 0.0]
[All’AIZ’AIS]: ’ ’Bl.z ,G =

00 1 -2 05 k k, k

and using (18) we obtain

K=K= B_I{IA“,AD, ]+G}—

(2 2k 2k, -3 1+2k,
05 kK +1 k-2

where k,,k,,k, are free parameters.

The free parameters are chosen so that the condition

05 1 300 =2

05 1 3 =2 25 3 . 4 -1
rank = ran . (23)
25 3 4 -1 2 7 2k 2k,-3 142k, :

05 k k,+1 k-2

is satisfied.

The condition (23) is satisfied for k; =1,k, =2,k; =0 and the equation
F0.513—2._2 2 1 1
25 3 4 -1] |05 1 3 -2
F=
1 0

det[Es — A+ BK]=det P det[Es— A + BK]=

has the solution

It is easy to check that
0 0 0 1

0.5 s+1 2 0 B
1 s=1 1—s
0 0 -2 s-1

5. CONCLUDING REMARKS

The problem of infinite eigenvalue assignment by output feedbacks has been formulated
and solved. Necessary and sufficient conditions for the existence of a solution to the
problem have been established. Two steps procedure for computation of the output-
feedback gain matrix has been derived and illustrated by a numerical example. With
slight modifications the considerations can be extended for singular discrete-time linea
systems. An extension of the considerations for two-dimensional linear systems [6] is
also possible but it 1s not trivial.
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