T,

Tadeusz Kaczorek and Mikolaj Buslowicz
Bialystok Technical University, Faculty of Electrical Engineering
ul. Wiejska 45D, 15-351, Biatystok

DETERMINATION OF POSITIVE REALIZATION OF
SINGULAR CONTINUOUS-TIME SYSTEMS WITH
DELAYS BY STATE VARIABLES DIAGRAM
METHOD

Abstract. The positive realization problem for singular continuous-time
linear single-input single-output systems with delays in state and in out-
put (or in inputs) is addressed. A new method for determination of posi-
tive singular realizations for a given improper transfer function based on
the state variables diagram is proposed. The method is presented both for
systems with delays in state vector and in output and for systems with de-
lays in state vector and in input.

Streszczenie. W pracy podano nowq metode schematu zmiennych stanu
wyznaczania dodatniej realizacji singularnych ukladow ciaglych z oposz-
nieniami o jednym wejsciu i jednym wyjsciu. Proponowana metoda po-
zwala wyznaczy¢ dodatnie realizacje singularne dla danej niewtasciwej
transmitancji operatorowej. Metoda ta opiera sie na schemacie zmien-
nych stanu, ktéry wyznaczamy znajqc transmitancje operatorowq. Metode
te przedstawiono dla dwoch przypadkow: ukladu z opéinieniami w wek-
torze stanu i w odpowiedziach ukladu oraz dla ukladu z opéznieniami w
wektorze stanu i wymuszeniach ukiadu. Podano procedury wyznaczania
dodatnich realizacji singularnych, ktdre zilustrowano przykiadami licz-
bowymi.

1. INTRODUCTION

In positive systems inputs, state variables and output take only nonnegative values.
Examples of positive systems are industrial processes involving chemical reactor, heat
exchangers and distillation column, storage systems, compartmental systems, water and
atmospheric pollution model. A variety of models having positive linear systems behav-
ior can be found in engineering, management science, economics, social sciences, biol-
ogy and medicine, etc.

Positive linear systems are defined one cones and not on linear space. An overview of
state of the art in positive systems theory is given in monographs [3, 6]. Recent devel-
opments in positive systems theory and some new results are given in [7]. Realizations
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roblem of positive linear systems without time-delays has been considered in many
papers and books [1, 3, 6].

Recently, the reachability, controllability and minimum energy control of positive linear
discrete-time systems with time-delays have been considered in [2, 12, 13].

The realization problem for positive multivariable discrete-time systems with one time-
delays was formulated and solved in [5, 9] and the realization problem for positive
continuous-time systems with delay was investigated in [11].

A method for computation of a positive (singular) realization of a transfer matrix for
singular continuous-time linear systems with delay in state and in output has been pro-
posed in [10]

In this paper a new method for determination of positive singular realization for a given
improper transfer function based on the state variables diagram will be proposed.

2. PRELIMINARIES AND PROBLEM FORMULATION

Let R,™™ be the set of mxn real matrices with nonnegative entries and R." = R.™. The
nxn identity matrix will be denoted by L,

Consider the singular single-input single-output continuous-time linear system with A
delays in state and g delays in output

Ei(r) = iAix(t—id)+bu(t) (La)
»(1) :iocjx(t— jd) (1b)

where x(1)eR", u(?), y(¢)R are the state vector and scalar input and output, respectively
| and E, A,eR™, i=0,1,...,h, beR", ¢;eR™, j=0,1,...,4, d is the delay. -

Itis assumed that det E = 0 and the characteristic polynomial is nonzero, i.e.,
d(s,w)=det[Es—A, —Aw—...— AW |20, w=e™ @

Itis also assumed that the initial condition for (1a)
X, (t), te [—ha’ 0]

belOngs to the set X, of admissible initial conditions.

The transfer function of the system.(l) is given by

-1
T(s,w)=(c, +ew+...+ew ) [Es—A, ~Aw—..—AWw b (3)
{t is assumed that the matrices of the system (1) have the following canonical forms
10] .
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Definition 1. [10] The system (1) is called (internally) positive if for any initial admis.
sible conditions xy(f)eR,", t € [-hd 0] and all inputs u(H)eR. and its derivatives
uP(eR. (p = n-r-1), 1> 0, x()eR," and y(H)eR. for t > 0.

Theorem 1. The system (1) with the matrices in canonical forms (4) is positive if and

only if
(1) The entries ay, of the matrices A,, i=0,1,....h are nonnegative except a,
4
which can be arbitrary
(i) The entries cy. of the matrices ¢;, j=0,1,...,q are nonnegative

The proof is given in [10].

Let M, be the set of nxn Metzler matrices, i.e., the set of real matrices with nonnegative
off diagonal entries.

Definition 2. Matrices

A eM,, E A eR, i=0,l,..,h beR", ¢ eRX, j=0,1,.,q %)
are called a positive singular realization of a given transfer function T(s,w) if they sat-
isfy the equality (3). A realization is called minimal if the dimension nxn of E and A,
i=0,1,....h is minimal among all realizations I(s,w).

The positive singular realization problem can be stated as follows.

Given an improper transfer function of the form

T(s,w)= n(s,w) (62)
d(s,w)
where
n(s,w)=n, (w)s" +...+n (w)s+n, (w)
n, (w)=nkqwq+...+n“w+nko, k=0,1,.,m (6b)
d(s,w)=s"-d, _ (w)s"" ... —d, (w)s—d, (w)
d (w)=d w +otdyw+dy, 1=0,1,..,n-1
and m > n.
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Find positive singular realization (5) of T(s,w).

n this paper a new method based on the state variables diagram will be proposed.
3, PROBLEM SOLUTION
3.1. Systems with delays in state and in output

Multiplying the numerator and denumerator of (6a) by s™" we obtain
n, (W)t n,  (w)s™ +..+n (w)s™" +n (w)s™" Y(s)

T(s,w)= =
(s:w) s d,_(w)s" == d, (w)s" " —d (w)s e U(s) ™
where Y(s) and U(s) are the Laplace transforms of y(¢) and u(?).
Let us define
u(s)
E =
T I U s % e () e ®
From (8) and (7) we have
U(s)+ [do (W)s™ +...+d, (W)s"" T =" ] E(s)=0 )
and
Y(s)= |:nm (w) +n, (W) +. 40 (w)s’”’]E(s) (10)

Using (9) and (10) we car draw the state variable diagram shown in Big. 1 for m=3 and
n=2.

"I n;(w) ll

dolw)

Fig. 1.

Talfing into account that d{w), /=0,1,...,n-1 and n(w), k=0,1,...,m are polynomials in
variable w = ¢* we obtain the complete state variables diagram shown in Fig. 2 for
n=3 and m = g = 2. Note that the numbers of horizontal integral elements and the ver-
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tical delay elements are equal to the maximal degrees in s and w of numerator and de.
nominator of 7{s,w).

The outputs of the integral elements we choose as the state variables x,, x,, ..., x,.. Usip
the system variables diagram show in Fig. 2 we may write the following equat1ons

% (1) =x (1), 5 () =x(t), %(f)= x (1),
u(t)—xl(t)+dwx2(t)+d”x2(I—d)+d12x2(t—2d)+ (11)
+d00x1(t)+dmxl(t—d)+d02xl(t—2d):0

and

Y(£) = mogx (2)+ 1y, x, (1= d) + nyyx, (- 2d )+
)

(t) )

+mx, (6)+n,x, (t—d)+m,x, (1—2d)+
(1) )
(1) )

(
(

+ 1 X, (H)+ 1y X 3(t d)+ny,x, (t—2d
(

)+ (12)
1%, () + 1y, (¢ —d )+ nyyx, (- 2d)
The equation (11) and (12) can be written as the following state equations
Ex(t)= Agx(t)+Ax(t—d)+A,x(t—2d)+bu(t) (13a)
y() = eox (1) +ex(t-d)+e,x(t-2d) (13b)
where '
x (1) 1 0 0 0 ¢ 1 0 0
10 0 0 1 0
x(t)z xz(t), E- 0 0,
x (1) 0 010 0 0 0 1
x, (1) 0 000 dy d, -1 0
0 0 00 0 0 00 0 (14)
0 0 00 0O 0 00 0
Al = H Az - 3 b = >
0 0 00 0 0 00 0
dOl dll 0 O dOZ dlZ 0 O l
€ = [noo Py My nso]’ ¢ = [”01 CTI G ”31]

c2:[n02 n, n, ’732]'

In a similar way in general case we obtain the equations (1) with matrices in canonical
forms (4).
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Fig. 2.

3.2, Systems with delays in state and in input

Now let us consider the singular single-input single-output continuous-time linear sys-
tems with / delays in state and g delays in input

h q
Ex(t) =Y Ax(t—id)+) b u(t—jd) (152)
i=0 j=0
y()=ex(1) (15b)
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where x(f)eR", u()eR, y(H)eR and E, A,eR™, i=0,1,...,h have the canonica] formg
(4) and ’ ) ’ ’
0

O .
b,=| . |, j=0lL..,q, ¢c=[¢, ¢, ... ¢,] (15¢)
b,
The definition of positive (internally) system of the form (15) is similar to the definition
L~

Theorem 2. The system (15) with matrices E, A,, i=0,1,...,h in canonical Jorms (4
and bj, j = 0,1,...,q and ¢ in the forms (15¢) is positive if and only if

(i) the entries ay of the matrices A, i=0,1,... h are nonnegative except a,
which can be arbitrary

(ii) the entries by, j=0,1,....q and ct, k= 1,....n of the matrices b; and ¢ are

‘ ~ honnegative. ‘

Proof. To simplify the notation we assume n=4 and 4 = ¢ = 2. In this case using (14),
(15¢) and (11) we obtain

%, () = dyox, (1) + doyx, (1= d )+ dpyx, (- 2d) +
+dyyx, (1) +d, x, (t—d)+d,x, (t-2d)+
+byu(t)+b,u (r- d)+ byu(t-2d)

and
x,(£) =% (£) = dog, (1) + dyy %, (£ —d) + dpy %, (1—2d) +
+d,ox, (£)+dy %, (t—d)+d,%, (1~ 2d)+
+ byt (1) + byai (t—d )+ byyii (t—2d ) =
= dyx, (1) +dyx, (1—d )+ dy,x, (1= 2d)+
+dyox, (t)+dyx; (1—d)+dx, (t-2d)+
+ byt (1) + byti (1 —d )+ by (1 - 2d)

From (11) we have

X, (t) = afxs (
% (1) jx (t

Therefore if the entries A, and b, i, /= 0,1,2 are nonnegative then x®)eR, fort= 0.

t)dt+c,

)
)

(¢, —a constant)

il

dt+c, (¢ —aconstant)

The necessity can be shown in a similar way as for standard continuous-time systems

[6], [10], [11].
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The transfer function of the system (15) has the form . . L
7(s,w)=c[Es—A,~Aw—..—A,w' | (bg+bw+...+b,w) (16)

The positive singular realization problem in this case can be stated as follows.

Given an improper transfer function of the form

n, (w)s"
d (S, w)

Where n,,(w) and d(s,w) are defined by (6b) and m > n.

T(s,w)= (17)

Find a positive singular realization of the form
A, eM,, E A eR7”, i=0,1,..,h b, and ¢ of the form (15¢) (18)

+ 3

The solution of the problem will be based on the state variables diagram.

Multiplying the numerator and denumerator of (17) by s we obtain

o ) ()
T(s.w) s"—d,_ (w)s" ... —d| (w)s' ™™ —d, (w)s™ Ul(s) (15
We define |
A Ui(s) .
B(s)= s""—d,_ (w)s" = —d (w)s'T" = d, (w)s™ (20)
U,(s)=n, (w)U(s) and Y(s)=E(s) 1)

From (20) we have
U (s)+ [dn_l (W)™ 4.k d, (w)s' " +dy (w)s T =" ] E(s) (22)

Using (22) and (21) we can draw the complete state variables diagram shown in Fig. 3
form=3,n=q=2.

The outputs of the integral elements we choose as the state variables x|, x,, ... ,x,. Using
the state variables diagram (Fig. 3) we may write the equations

% (t)=x, (1), %, (6)=x(1), % (N)=x,(t)

dyx, (Z) +dyx (t - d) +dpX (t - 2d) +

23
+d,ox, (1) +dyx, (t—d)+d,x, (t=2d)—x,(1)+ 3)
+mgu(t)+ n31u(t—d)+n32u(t—2d) =0
and
(1) =x,(1) (24)
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The equations (23) and (24) can be written as the following state equations
Ex(1)= Apx(t)+Ax(t—d)+A,x(t-2d)+bu()+

25
‘ 1‘ i \“’f +bu(t—d)+b,u(t—2d) (&5)
m i y(r)=ex(0) (250)

h 0

i
g where x(#), E and Ay, k= 0,1,2 have the forms (14) and
i 0
Hl b=\, | #=0.12, c=[1 0 0 0]
| .

Ay

s In a similar way in general case we obtain the equations (15) with entries E and A
i=0,1,...,h in canonical forms (4) and b;, j/=0,1,...,q and ¢ of the forms (15c¢).

4. CONCLUDING REMARKS

The positive realization problem for singular continuous-time single-input single-outpul
linear systems with delays has been considered. A new method for determination of
positive singular realizations for a given improper transfer function based on the stat¢
variables diagram has been proposed. The method has been presented both for systefr_ls
with delays state vector and in output and for system with delays in state vector and i?
input. In the second case the method has been presented for systems with matrices bj
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j:O,l,---,q of the form (15c). An extension of the method for any b, j/=0,1,....9 will be
resented in successive paper.

The consideration can be extended for multi-input multi-output systems in a similar

way as it has been done in [10].

An extension of this method for 2D linear systems is also an open problem.
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