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REACHABILITY OF FRACTIONAL POSITIVE CONTINUOUS-TIME
LINEAR SYSTEMS

A new class of fractional linear continuous-time linear systems described by the
State equation is introduced . The solution to the state equations is derived using
the Laplace transform. Necessary and sufficient conditions are established for the
internal and external positivity of the fractional systems. Sufficient conditions are
given for the reachability of the fractional positive systems.

OSIAGALNOSC DODATNICH UKEADOW CIAGELYCH LINIOWYCH
ULAMKOWEGO RZEDU

W pracy wprowadzono nowq klase ukiadow ulamkowego rzedu opisanych
rownaniami stanu. Wyprowadzono rozwiqzanie tych rownan stosujqc metode
operatorowq opartq na przeksztatceniu Laplace’a. Podano i udowodniono
warunki konieczne i wystarczajqce wewnetrznej i zewnetrznej dodatniosci
uktadow utamkowych. Podano rowniez warunki wystarczajqce osiqgalnosci
dodatnich uktadow utamkowego rzedu.

1. INTRODUCTION

In positive systems inputs, state variables and outputs take only non-negative values.
Examples of positive systems are industrial processes involving chemical reactors, heat
exchangers and distillation columns, storage systems, compartmental systems, water and
atmospheric pollution models. A variety of models having positive linear systems behavior
can be found in engineering, management science, economics, social sciences, biology and
medicine, etc.

Positive linear systems are defined on cones and not on linear spaces. Therefore, the theory of
positive systems is more complicated and less advanced. An overview of state of the art in
positive systems is given in the monographs [2, 5]. An extension of positive systems are the
cone systems [6, 9].

The notion of cone systems was introduced in [6]. Roughly speaking cone system is a system
obtained from positive one by substitution of the positive orthants of states, inputs and
outputs by suitable arbitrary cones. The realization problem for cone systems has been
addressed in [6, 9].

The first definition of the fractional derivative was introduced by Liouville and Riemann at
the end of the 19™ century [12, 10, 20]. This idea has been used by engineers for modelling
different process in the late 1960s [28-30]. Mathematical fundamentals of fractional calculus
are given in the monographs [10, 12, 20, 13, 19]. The fractional order controllers have been
developed in [18, 22]. A generalization of the Kalman filter for fractional order systems has
been proposed in [26]. Some others applications of fractional order systems can be found in
[1, 15-17, 3,11, 23, 24, 27, 28, 25]. In [14] a method for computation of the impulse
responses from the frequency responses for the fractional standard (non-positive) discrete-
time linear systems has been given. Fractional polynomials and nD systems have been
investigated in [4].
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In this paper a new class of fractional positive continuous-time systems described by the state
equations will be introduced and the necessary and sufficient conditions for the internal and
external positivity will be established.

The paper is organized as follows. In section 2 using the Caputo definition and Laplace
transform the solution to the state equations of the fractional systems is derived. The
necessary and sufficient conditions for the internal and external positivity of the fractional
systems are established in section 3. In section 4 the reachability of the positive fractional
systems is investigated. Concluding remarks are given in section 5.

To the best knowledge of the author the positive fractional continuous-time linear systems
have not been considered yet.
The following notation will be used in the paper.

The set of nxm real matrices will be denoted R and R" :=R™'. The set of mxn real
matrices with nonnegative entries will be denoted by R”" and R” :=R"'. A matrix 4 with
nonnegative entries will be also denoted by 4> 0. The set of nonnegative integers will be
denoted by Z, and the nx n identity matrix by /.

2. CONTINUOUS-TIME FRACTIONAL LINEAR SYSTEMS AND THEIR
SOLUTIONS

In this paper the following Caputo definition of the fractional derivative will be used [10, 20]

w o d” I B A () ~ ~
D" f(0)=——f o (;[(t—r)““‘" dr, n—-l<a<neN={2,.} (1)

d' [ (@)

where a € R is the order of fractional derivative and /" (7) =

dr,
Consider the continuous-time fractional linear system described by the state equations
D*x(t) = Ax(t)+ Bu(t), 0<a <1 (2a)
y(t) = Cx(t) + Du(t) (2b)

where x(1)eR", u(t)eR”, p()eR” are the state, input and output vectors and
AeR"Y, BeRY™, CeR”, DeR™.

Theorem 1. The solution of equation (2a) is given by

x(1) =D, ()x, + ]CD(I —7)Bu(r)dr, x(0)=x, 3)
where
(1) = E, (A1) =3 AL )
‘ “ “~(ka +1)
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and E_(At") is the Mittage-Leffler matrix function, I'(x) = J.e”t"_ldt is the gamma function.

0
Proof. Using the Laplace transform (L) to (2a) and taking into account that

00

LD (1)) = 5 X(5) =" 5, X(5) = LLx()] = [x()e d
we obtain

X(s)=[I,s* = A" (s“"'x, + BU(5s))
where U(s) = L[u(?)].
It is easy to check that

[]Nsa _A]fl — zAksf(kJrl)a
k=0

since

[1,s°— A](Z Aks(k”)“j =1,.
k=0
Substitution of (8) into (7) yields
X(s) = ZA s e Dy +Z A*s™ Ve BU ()

k=0

(6)

(7

(8)

)

(10)

Using the inverse Laplace transformation (£ ™) to (10) and the convolution theorem we obtain

x(1) = L[X(s)]= i AL s D I, + i AL s BU(s)]

=D, (H)x, + IJ.CD(I —7)Bu(r)dr

where
0 0 k ka
(D £ = Akﬁ*l Sf(ka+l)
() kZ; [ ; C(ka +1)
. . © i (kel) o k (k+l)a -1
O)=L{[Iys“—A] }=) A E‘[s’ *l “1
N kZ; Z;‘ Ik + l)a]

(11)

Note that the solution (3) of (2a) for Bu(f)=0 and x, # 0 is the same as in [28] but the

second term of (3) is different.
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Remark 1. From (4) and (5) for o =1 we have @ (¢) = O(?) = Z (An)
i L(k + 1)

Remark 2. From the classical Cayley-Hamilton theorem we have
If

det[/,s* — Al=(s")" +a,_,(s“)"" +..+a;s” +a,
then

AY +a, AN+ +aA+a,l =0

Example 1. Find the solution of equation (2a) for 0 <« <1 and

0 1 0 1 1 fort>0
A: ,B: ,x(): ’Z,l(t)zl(l):
0 0 1 1 0 forr<0

Using (4) and (5) we obtain

© Aktka Ata
) = Z 2
“T(ka+l) ° T(a+l)
ta 1 t2a71
D) =1,—+ A
') I'Ca)

since

Substitution of (15) and u(z) =1 into(3) yields
!
xX(1) = @, (1)x, + jcp(t —7)Bu(r)dr =
0

Ax ‘“( B _ ety 2a-1 _
=x0+1“(a+1)+(!(1“(a)(t 2 r(z )( 2 JJT_

t” t

2a

+ +
A 1 B ABI® INa+1) T'QRa+l)

INa+1) " IN'a+ 1) I'a+ 1)

X9
ta
+
INa+1)

since ['(a +1) = ol (@).

At

(12)

(13)

(14)

(15a)

(15b)

(16)
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3. POSITIVITY OF CONTINUOUS-TIME FRACTIONAL SYSTEMS

Definition 1. The fractional system (2) is called the internally positive fractional system if
and only if x(r) e RY and y(r) e R? forr>0 for any initial conditions x, € R" and all

inputs u(¢t) e R”, t=>0.

+ 9

A square real matrix 4 =[a;] is called the Metzler matrix if its off-diagonal entries are

nonnegative, i.e. a; >0 for i # j [1,5].
Lemma l.Let 4eRY" and 0 < a <1. Then

()] t=w e RYY  for >0 17
o () Z(;F(ka+1) i 17

and
LGS

D(1) = ;F[(kﬂ)a] eRYN for t>0 (18)

if and only if 4 is a Metzler matrix.

Prof. Necessity. From the expansion

A
+
INa+1)
t(afl) tZafl

N +4 +
') I'Ca)

Dy (1)=1y+

O(t) =1

it follows that ®,(¢) € RY" and ®(r) e RY*" for small ¢ > 0 only if 4 is a Metzler matrix.

Sufficiency.
It is well-known [5] that

T eRMN for 120 (19)

if and only if 4 is a Metzler matrix.
Using (17) we may write

~ (At*)" (Ar") ) & k-Tlka+1) (At%)"
o) _z(r(ka+1) Kl ]_,Z; Fharty k1 20 forr=0 (0

since k!>T(ka+1) for O0<a <I.

Thus from (20) and (19) we have @ (f) > ™ >0 for ¢ > 0.
The proof for (18) is similar. m
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Theorem 2. The continuous-time fractional system (2) is internally positive if and only if the
matrix 4 is a Metzler matrix and

BeRYM, CeR”™, DeR™™ (21)
Proof. Sufficiency. By Theorem 1 the solution of the equation (2a) has the form (3) and

x(1) e RY,t>0 if (18) holds and 4 is a Metzler matrix since ®,(r) e R¥", x, e R” and
u(t) e R for t > 0.

Necessity. Let u(r)=0,7>0 and x, =e, (the ith column of the identity matrix 7, ). The
trajectory of the system does not leave the orthant R” only if x*(0) = e, >0, what implies
a; 20 for i # j. The matrix 4 has to be a Metzler matrix. For the same reason, for x, =0 we
have x“(0)= Bu(0)>0 what implies B e R"", since u(0) e R” may be arbitrary. From
(2b) for u(t) =0 we have y(0)=Cx, >0 and y(0)=Cx, >0 and C € R”*", since x, e R
may be arbitrary. In a similar way, assuming x, =0 we obtain »(0)=Du(0)=0 and

D e R, since u(0) € R” may be arbitrary. m

Definition 2. The fractional system (2) is called externally positive if and only if
y(t)eR?, ¢t >0 for every input u(r) e R”,#>0 and x, =0.

The impulse response g(#) of single-input single-output system is called its output for the
input equal to the Dirac impulse 6(¢) with zero initial conditions. Assuming successively that
only one input is equal to 6(¢) and the remaining inputs and initial conditions are zero we

may define the impulse response matrix g(¢) € R”" of the system (2).
The impulse response matrix of the system (2) is given by

g(t) = CD()B+ DS(t) for 1>0 (22)

Substitution of (3) into (2b) for x, =0 yields
¥(t) = [CO(t - 7)Bu(r)dz + Du(t), 120 (23)
0

The formula (22) follows from (23) for u(z) = 6(2).

Theorem 3. The continuous-time fractional system (2) is externally positive if and only if its
impulse response matrix (22) is nonnegative, i.e.

g(t)eR"™ for t>0 (24)

Proof. The necessity of the condition (24) follows immediately from Definition 2. The output
y(t) of the system (2) with zero initial conditions for any input u(¢) is given by the formula
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y(0) = [g(t - u(z)dr (25)

which can be obtained by substitution of (22) into (23).
If the condition (24) is met and u(¢) € R”', then from (25) we have y(r) e R? for 1>0. m

From (22) and (18) it follows that if 4 is a Metzler matrix and (21) holds then the impulse
response matrix (22) is nonnegative. Therefore, we have the following two corollaries.

Corollary 1. The impulse response matrix (22) of the internally positive system (2) is
nonnegative.

Corollary 2. Every continuous-time fractional internally positive system (2) is also externally
positive.

4. REACHABILITY

Definition 3. The state x, € R " of the fractional system (2) is called reachable in time t,if

there exist an input u(z) € R”

+ 2

1€[0,7,] which steers the state of system (2) from zero
initial state x, =0 to the state x,. If every state x, € R is reachable in time ¢ , the system
is called reachable in time 7. If for every state x, € R V" there exist a time ¢, such that the

state is reachable in time 7, then the system (2) is called reachable.

A real square matrix is called monomial if and only if each its row and column contains only
one positive entry and the remaining entries are zero.

Theorem 4. The continuous-time fractional system (2) is reachable in time 7, if the matrix
t
R(t,;) = [©(c)BB"®7 (v)d7 (26)
0
is a monomial matrix.
The input which steers the state of the system (2) from x, =0 to x, is given by the formula
u(t)=B"®"(t, —-)R™'(1,)x, (27)
where T denotes the transpose.

Proof. If the matrix (26) is a monomial matrix then R’ (t,)eN YN and the input defined by
(27) is an nonnegative vector, i.e. u(f) e RY, 1>0. Using (3) for x, =0, 1=1¢,, (27) and
(26) we obtain
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t i
x(t,) = j ®(t, ~7)BB'®" (t, —7)drR™(t,)x, = j D(2)BB O ()d7R™ (¢,)x, = x,
0 0
Therefore, the input (27) steers the state of the system (2) from x, =0 to x,. m

Theorem 5. If 4 =diag[a,, a,,....a,]1€ R and Be R is a monomial matrix then the
continuous-time fractional system (2) is reachable.

Proof. From (5) it follows that if the matrix 4 is diagonal then the matrix ®(¢) is also
diagonal and the matrix ®(¢)B is monomial since the matrix B by assumption is monomial.
From (26) written in the form

R(t,) = ](I)(T)B[(D(Z')B]Td’[ (28)

it follows that the matrix (28) is monomial. Thus by Theorem 3 the fractional system is
reachable. m

Example 2. We shall show that the fractional system (2) with

Lol [0 "
1o o T 1 0 @9)

is reachable.

Taking into account that

and using (5) we obtain

o) = N M_ (1) 0 (30)
CETk+a] | 0 @)
where
0 t(k+1)a—1 ta—l

® 0= 2 qana 0 T

and
()]
(D(Z)B:LD " 10(1)}



Pomiary Automatyka Robotyka 2/2008

In this case from (28) we have

R(t,) = ]@(T)B[Q(T)B]Tdr - ]{‘Dfo(” q)zo(z_)}dr 31)

The matrix (31) is monomial and by Theorem 3 the fractional system is reachable.

Remark 3. It is well-known that the system

%= Ax+ Bu (32)
with
0 0 0 a, | 1]
0 0 g 0
A=|0 0 a, |, B=|0 (33)
0 .. 1 ay,] 10

is reachable for any values of the coefficients a,,i=0,1,..., N —1, since the reachability matrix
[B, 4B,..,A""'B]=1, (34)

The system (32) is also reachable as a positive system if a, 20,i=0,1,..,N—1. The
fractional system (2) with (33) even for a, =0,i=0,1,..., N —1 is reachable if and only if there
exist u(#) >0, 7 €[0, 7, ] such that the following condition is met

o
I'(a)

(tf _ T)Zafl
rQe) pEdr (35)

~

=
~
Il
S

The condition (35) follows from (3) for x, =0, (34) and that for 4, =0,i=0,1,..,N -1,
A* =0 for k=N, N+1,... and
Nl ghg(kiban]

0= L+ el

This example shows that the reachability conditions for the positive system (2) are much
stronger than the conditions for positive system (32).
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5. CONCLUDING REMARKS

A new class of fractional positive continuous-time systems has been introduced. The solution
to the state equation describing the fractional systems has been derived using the Laplace
transform (Theorem 1). The classical Cayley-Hamilton theorem has been extended for the
fractional systems (Remark 2). Necessary and sufficient conditions have been established for
the internal and external positivity of the fractional systems (Theorem 2 and 3). Sufficient
conditions for the fractional positive systems are much stronger than for classical positive
systems. The considerations have been illustrated by examples of fractional continuous-time
linear systems.

The considerations presented for the reachability can be extended for controllability of the
fractional continuous-time systems.
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