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1. An overview and a purpose of the monograph 

This monograph concerns one of the most important problems in ground mobile 
robotics’ authonomy, the Global Path Planning (GPP) – the work does not concern 
planning for aerial or underwater vehicles. Robot’s authonomy of which a GPP is 
a building block refer to a system capable of operating in the real-world 
environment without any form of external supervision including control for 
extended periods of time. This operation includes an interaction of the mobile robot 
with a surrounding environment, which is inseparable from motion. The essence of 
the GPP may be summarized as follows: it is a problem of finding a path represented 
by an ordered set of points belonging to some map, which mobile robot has to 
consecutively traverse one after another, in order to reach a destination position. 
Between these intermediary points the execution of movement planned by Local 
Movement Planning (LMP) may be performed. Not every path that is planned by the 
GPP algorithm may be valid and the path should be optimized in terms of some 
criteria as we yield for “best-possible path”: the shortest, the most energetically 
efficient, the quickest etc. 

This introductory definition clearly states the inputs of the GPP process to be: 
a map, a start and a destination points, and the output to be: a set of intermediate 
points that build up a desired path (trajectory) for the execution of movement. 
Clearly, not each path through the map is executable because there may be some 
additional constraints imposed. One seeks for an optimal path, or at least a good one, 
and hence the GPP problem is of a search and optimization type. The determination 
of that output, i.e. of an optimal (or, better to say, good) path is the objective of the 
GPP and the problem considered in this work. Usually, though the mathematical 
formulation of the GPP problem as an optimization problem is in principle possible, 
its solution is in virtually all practical cases numerically intractable in view of time 
requirements, and therefore heuristic methods are frequently used or the problem is 
somehow simplified. 

In the consecutive chapters of this monograph firstly the essence of the GPP 
problem will be presented, its mathematical problem formulation of an optimization 
type and difficulties with its solution. Than a review of main solution techniques 
which are employed for solving GPP is given. The chronological order of 
appearance have been chosen for presenting approaches, namely starting from 
computational geometry methods and end up with advanced (meta)heuristics used 
nowadays. Such approach gives a full frame and present state-of-the-art as well as 
foreseen trends in GPP field. Since GPP problem flourished in 60’ one can expect 
a plethora of methods for solving this problem. Some of these are very mature and 
are used in commercial products (such as modifications of A*) algorithm, whilst 
some are being currently developed with proven promising results on conceptual 
level. However comparing methods that stem from different principles is difficult, as 
there are many aspects to take into an account, such a trial have been performed in 
last chapter of this monograph. 
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The following work is organized as follows. Chapter 2 introduces Global 
Path Planning giving basic definitions and presenting critical aspects of search and 
configuration space. In that chapter a problem is formulated in a mathematical 
manner and classic map representation techniques are explained. Chapter 3 presents 
a classical approaches of computational geometry, Artificial Potential Field and 
graph methods. Chapter 4 presents a current up-to date state-of-the-art of novel 
heuristics based global Path Planning methods. Chapter 5 is a short view on GPP 
and presents a summary in a nut shell. 
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2. Introduction to the Global Path Planning (GPP) 

In this introductory chapter, first, a basic definition of the Global Path Planning 
(GPP) problem is given and then compared with the Local Movement Planning 
(LMP) problem. Distinguishing between those two is vital in building autonomous 
ground robot applications. Next, the ideas of a search and configuration spaces and 
the GPP problem based on those spaces are defined in mathematical terms as 
a search and optimization problem with constraints. It is important to understand 
that representation of search and configuration space limits the group of methods 
that can be used for path planning. 

2.1. General problem description 
One of the main topics of interest in the field of a ground mobile robot autonomy is 
strictly connected with the autonomy of motion which is described as the way of 
how robots plan and execute their movement in order to reach a destination position 
in a working environment. 

The motion autonomy of unmanned ground vehicles, including the mobile 
robots, falls into two main streams [1]: 

– Global Path Planning (GPP), and  
– Local Movement Planning (LMP). 

It is essential to understand the main difference between them: the Global 
Path Planning uses infrequently employed and time-intensive methods that are based 
on a global data and are meant to find a path. The Local Movement Planning, on the 
other hand, often referred to as the Local Navigation [2] or the Obstacle Avoidance 
[3], is a computationally fast, often reactive method to proceed within some (often 
short) specified time and (often restricted) space horizon. These two main categories 
of problems are key elements for the construction of motion autonomy systems for 
all types of mobile robots in general. 

Though the partitioning of movement autonomy into such two categories can 
be found inappropriate at the first glance, it has been clearly implied by how humans 
are moving towards a goal. For instance, when the humans are planning the motion 
in the mountains, they first look at the ground map to roughly identify possible paths 
and then going along that path they identify a route using trails. Therefore, the GPP 
algorithms always have to be paired with the Local Movement Planning (Local 
Navigator) algorithms. A deeper analysis of both categories will be given later. 

The GPP can be defined as a process of using a priori data in the form of 
a terrain map to find an optimal collision-free way from the start point to 
a destination point in an environment with obstacles [4]. Another synonymous 
definition can be found in the literature. For instance, Giesbrecht in [5] argues that 
the GPP is a process of using accumulated sensor data and a priori information to 
allow an autonomous robot to find the best path to reach a goal position. Yi-Nan 
Gao et al. [6] claim that the GPP is defined as finding the most reasonable collision-
free route from the start point to the destination point. The key features of each 
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definition are in line with each other and they consist of a set of basic constituent 
concepts: a map, a mobile robot, start and destination points, obstacles and 
a collision-free way. If a path connecting the start and destination points exists, then 
a path planner should return it, otherwise a failure should be reported. 

2.2. Definition of the GPP 
The cited definitions [7–9] differ from each other and are not precise but they have 
one common element: they define the GPP as an optimization problem. To be more 
precise an exact definition has been formulated as: 

The Global Path Planning is defined as a process that – taking as a point of 
departure some representation of a physical surrounding, called a map, and 
coordinates of the start and destination points – finds a path represented by an 
ordered set of points belonging to that map which mobile robot has to consecutively 
traverse one after another to finally reach a specified destination point, and between 
those intermediate points the execution of movement planned by the Local 
Movement Planning methods may be performed. A path of the mobile robot has to 
be optimized in terms of its length, cost, execution time, etc.  

This definition implies the inputs of the GPP process to be: a map, start and 
destination points and the output: a set of intermediate points that build up a desired 
trajectory for the execution of movement. This determination of that output is the 
objective of the GPP and the problem considered in this monograph. 

This abstract definition does not consider any particular type of map 
representation, search space (S-space), configuration space (C-space), robot 
description or other elements and aspects; they will be defined and elaborated upon 
further on. 

As the path produced by the GPP has to be optimized, there is a need for an 
evaluation function that will evaluate the path, and hence to differentiate one path 
from another considering their quality. One has to notice that not every path through 
the map that may be determined is executable because there are some additional 
constraints to be accounted for in that process. 

Those elements mentioned: the objective, the representation type, the 
evaluation function, and the existence of (additional) constraints clearly point out that: 

The Global Path Planning is a search and optimization problem with constraints. 

Therefore: each Global Path Planner is concerned with the following basic 
issues [10–12]: 

– Configuration space (C-space). It represents possible states of a mobile robot 
including coordinates, orientations, etc. In the simplest case the C-space is 
two-dimensional, based on the Euclidean geometry. Complex planners 
should also take into account other physical features as, for instance: the state 
(level) of battery charge, the strength of radio signal, the height above sea 
level, etc.  

– Search space (S-space). It represents a set of all candidate solutions to the 
GPP problem. In general, the GPP problem is NP-complete as in realistic 
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cases it involves many planning criteria so that the size of the S-space may be 
considerable. 

– Time. In simple applications time is not explicitly involved and only a time 
interval between consecutive points is given. Time is obviously critical for 
dynamic environments [13] in which the dynamics of environmental changes 
is comparable with the total time of the path execution. 

– Planning criteria. The choice of criteria implies the form of the evaluation 
function for the comparison of different paths. These criteria are optimization 
criteria but some of them can also constitute constraints. The GPP problem 
may include: the path length, the battery charge needed for the path 
execution, the distance to obstacles, execution time, etc. As in each 
optimization problem, the choice of planning criteria is critical. 

2.3. Global Path Planning and Local Movement Planning 
In the literature, the following four main tasks of a navigation algorithm are usually 
listed [14, 15]: 

– Global Path Planning; 
– Perception. This means the investigation of surroundings and a proper 

interpretation of this data. Perception includes the determination of a current 
mobile robot state; 

– Location. This means the determination of the current robot position, and for 
non-point robots it also includes a specific spatial configuration; 

– Local Movement Planning. This means in general an iterative process of 
calculating next movement/control signals of the robot due to the calculated 
global path, current surroundings (in the sense of obstacles to be avoided) and 
location. 

 

Fig. 1. A mobile robot (the green point) has to reach the destination point (the red point). The 
blue circle is the border of perception. a) Environment in which the robot can reach 
the destination point on the basis of the LMP only. b) Environment in which the GPP 
is essential because of a need for a non-monotonic movement in the sense of 
a distance to the goal versus the execution time. 

a) b) 
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The Local Path (Movement) Planning is a continuous process [11] because 
the control signals have to react to different situations within the surroundings. The 
local movement execution consist in gathering data from on-board sensors, building 
an environment representation, locating the robot within that environment, planning 
of obstacle avoidance behavior, and executing the movement so that the robot 
follows the required global path [16]. The local obstacle avoidance is often reactive 
and the more the environment is dynamic the more reactive the algorithm should be. 
Obviously, the movement should be collision-free, and to be executed in the shortest 
possible time. In this case the robot knows the environment to an extent that its 
sensors allow for. 

It is important to notice that because of a limited perception ability, there is 
a strict distinction between the local and global movement planning. Based on 
sensor signals, the mobile robot can plan its movement only to some extent which is 
related to the visibility of borders of the surroundings. 

A need to use the GPP algorithms depends on the character of the 
environment. Fig. 1a depicts a map on which the movement could be performed 
without the GPP. This map does not contain specific artifacts such as blind alleys 
(dead ends). The latter case (Fig. 1b) presents a map where the GPP is needed due to 
a limited perception of the robot and a possibility that the robot may be stuck in 
a dead end1. 

Therefore: 

For a general type of environment the use of the GPP algorithms is necessary. 

2.4. Search space and configuration space 
The search space (S-space) is a set of all possible candidate solutions to a problem 
considered. The S-space in terms of the GPP identifies the way of how the 
environment is described, i.e. the S-space defines the location process. Apart from 
some niche type GPP techniques that transform the search or configuration space 
using, e.g., the Laplace transformation [17, 18] or hybrid representation [11, 19], the 
two main types of a map representation are used for the GPP task: topological and 
metric [20, 21]. 

The topological representation [22] identifies the location of particular 
objects by a set of specific markers or indicators of the objects that are treated as 
orientation points. An absolute position of an object does not have to be known as 
the map contains reciprocal positions only. Reference points and markers create 
vertices in a graph. Two vertices are connected if a collision-free path exists 
between them. The GPP problem is in this case considered as a graph-search 
problem. The location of vertices is derived from information obtained by laser 
scanners, laser rangefinders, computer vision devices, etc. [23]. Some examples of 
a topological graph map can be found in [24]. 

The GPP based on topological maps is executed in two steps: (1) selection of 
landmark points for graph vertices, and (2) determination of possible edges and 

                                                 
1 There are some local algorithms that deal with dead ends, but the path produced by them is 

far from being optimal (see BUG algorithm). 
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graph search. An optimal path through the graph may not even be optimal as this 
depends on the landmark selection [25]. A topological representation was developed 
by Park [25] and Thrun [26]. 

The metric representation [27, 28] consists in assigning to each position of 
the S-space a set of coordinates. It divides the world into neighbouring cells. The 
metric representation is environmental-centric that demands proper location 
methods. A path planned over a metric map is a set of intermediate points the 
density of which depends on the map granularity. This granularity implies a need for 
a movement subplanner as in the case of the topological representation. The metric 
representation uses maps created by employing cell decomposition [29], virtual 
force fields [30] or graph topology [28]. 

Some examples of the topological and metrics maps are shown in Fig. 2. 

 

Fig. 2. Example of the S-space for an indoor map: a) a topological map of a landmark type 
“middle of the room”, “corridor centre”, b) a metric map of an approximate cell 
decomposition (with a wrong granularity selection). 

The configuration space (C-space) in the GPP is a set of all possible states of 
the robot within a particular environment. It may include the robot location, tilt 
angles, velocity, battery level, etc. In most GPP problems, the C-Space should be 
simplified to 2 (or 3) dimensions [31]. As Latombe showed in [11], the time 
complexity of the GPP depends on the number of dimensions of the C-space in an 
exponential manner. This simplification does not have a negative impact on the GPP 
because some variables are moved for inclusion into the LMP since in most cases a 
map provides only a rough estimation of the environment and a lot of features, 
exemplified by obstacles, are not mirrored there. 

2.5. Environment representation methods 
A map M, which is a representation of the C-space used for the GPP, may represent 
the surroundings of the robots in one of three main types [32, 33]: 

a) b) 
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– the roadmap representation, 
– the potential field representation, 
– the cell decomposition. 

In the roadmap representation vertices are points in the C-space and edges 
connecting these vertices contain well established transitions between the points. 
The graph in the topological representation deploys vertices in identifiable locations, 
the orientation points. In order to solve the GPP problem one has to find the 
vertices, define the edges between them and find a permutation of edges leading 
form the start to the destination vertex. The graph based GPP can be therefore seen 
as a combination of vertex finding methods which build up the graph, and then 
solving it. 

The benefit from using the roadmap representation approach over the 
decomposition comes mainly from the number of points for which a planner has to 
find a path. Its serious drawback is a difficulty in updating a graph needed in the 
case of a dynamic environment [34] or in the case of using the SLAM (Simultaneous 
Localization and Mapping Method). To parallelize the algorithm, a proper choice of 
graph vertices is a critical issue. A lack of valuable vertices leads to an unsolvable 
graph or to being far from an optimum solution to the GPP problem. All graph 
methods (see Section 3.3) use some tools to build up lists of vertices such as corners 
of obstacles or a crossroad of free spaces etc. 

The Potential Field Representation method [35–38] is based on the idea, that 
an environment can be represented by forces acting on a particle (robot) and 
directing it away from obstacles but towards the goal. Therefore, a robot (a particle) 
is being pushed away and attracted by the field. For each point of the C-space, the 
fields forces are to be calculated as a superposition of repel and attract forces. Each 
field is created according to specific methods and for the description of them we 
refer the reader to Section 3.2. 

In the Cell Decomposition method a map is divided into non-overlapping 
regions representing the same map feature, i.e. regions of the same characteristics 
are merged to create one bigger region. Cell decomposition simplifies the 
environment by reducing the redundancy of information but simultaneously one 
loses location information as each part of the merged region has one set of 
coordinates. By merging the regions, a decrease of the number of possible 
configurations occurs, and this also happens by merging these configurations. Cell 
decomposition often leads to paths that are far away from optimality even though a 
method used to generate such a path is optimal. This is because the latter method 
operates on configurations produced by cell decomposition with itself and therefore 
loses a location resolution. Cell decomposition itself is not a GPP method but rather 
a way to simplify the planning by reducing the size of the C-space and therefore the 
S-space. Cell decomposition usually contributes to graph algorithms by providing 
the vertices, i.e. through cell identification. Then, the neighbouring function is easy 
definable and the visibility of a particular cells is clear. 

Cell decomposition was first introduced by Brooks and Lozano-Perez [39] 
and today is the most popular map representation [32]. It divides the environment 
into non-overlapping areas called cells. Each of these areas represents one value of 
some feature: the cost of reaching a particular cell, the height above the sea level, 
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etc. This value reflects how difficult it is to reach that particular cell. The cell 
decomposition maps are always based on raster images that are already decomposed 
into pixels. The choice of a cell size is critical: bigger cells decrease their total 
number and the algorithm performs faster but, on the other hand, we lose the 
resolution of the environment. A properly fixed cell size for the GPP should be in 
the order of dimension of the robot, or somewhat smaller. 

 

 

Fig. 3. Cell decomposition for the metric map: a) the binary base metric map, b) the 
approximate cell decomposition of a cell larger than the base one, c) the adapting cell 
decomposition, and d) the exact vertical cell decomposition: white – a free cell, black 
– an occupied cell, gray – a partially occupied cell. 

Three main types of cell decomposition can be found in the literature: (1) 
approximate, (2) adapting, and (3) exact (cf. Fig. 3). In the approximate decompo-
sition one constructs a set of non-overlapping cells that entirely covers the C-space. 
It is assumed that each cell has a simple, standard shape that implies the ease of 

a) b) 

c) d) 
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computation. A regular shape of a cell is also important for checking the adjacency 
of cells by finding cells with common borders. The most common approximate cell 
decomposition method is the rectangloid decomposition. 

If we assume m as the dimension of the C-space C and M a closed 
rectangloid in C = Rm, then we define approximate cell decomposition DA as a finite 
set of non-overlapping cells ci so that: 

 
i

icM =  (1) 

 0/=∩≠∀ ji ccji  (2) 

If one denotes by CC ⊆0  a rectangloid of C that is occupied by obstacles and by 

I(c) the interior part of cell c, one can assign a label (value) to each cell ci from the 
C-space as follows: 

– Occupied: if ( ) 0CcI ⊆ , 

– Free: if ( ) ( ) freeCcICcI ⊆/=∩ ,00 , 

– Partially occupied: if ( ) ( ) 000 0 CCcICcI ≠∪∧/≠∩ . 

A channel is a sequence of adjacent cells in DA containing only free or 
partially occupied cells [40]. The channel is called an F-channel if and only if all 
cells in the sequence are free; otherwise one speaks about a P-channel. In the light 
of that, the GPP problem is to find a channel between the initial and destination 
configuration. 

A great advantage of the approximate cell decomposition is that it provides 
a simple and uniform tool for sampling the region M of C that is easy to implement. 
One can also set a desired granularity corresponding to the size of c resulting in 
some form of adaption. On the other hand, the decomposition if not based on C0 and 
therefore DA suffers from: 

– redundancy of information in the form of adjacent free cells or adjacent 
occupied cells, 

– lack of appropriate information in the form of assigning a partially occupied 
value. 

The graph methods based on the cell decomposition use the middle points of 
adjacent cell borders for creating the vertices.  

On the other hand, we deal with the adaptive cell decomposition (Fig. 4) by 
performing DA for partially occupied cells iteratively until the basic grain or a fixed 
resolution ε of map is reached or no partially occupied cells exist on M. Therefore, 
M in the adaptive cell decomposition is decomposed by DA = DA0, DA1, …, DAi, i.e. 
via the recursive rectangloid decompositions. If ε is chosen to be small enough, then 
all P-Channels are changed into the F-Channels (if such exist). As the number of 
decomposition steps depends on the content of M, the computation time increases in 
the worst case by four times each next decomposition is performed. The method of 
decomposing each partially occupied cell into a set of smaller non-overlapping cells 
of a rectangloid shape is a hierarchical process and can be described in terms of 
three decomposition levels (cf. Fig. 4). 
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Fig. 4. An example of the hierarchical adaptive cell decomposition for m = 2: a) M on which 
the decomposition is performed, b) the decomposition tree, c) the cell numbering 
convention used. The graph after three layer decomposition is build up of 16 cells in 
the adaptive decomposition. In the approximate decomposition method one would 
have 64 cells assuming the third layer granularity decomposition. 

The degree T of each of the following decompositions DA0, DA1, …, DAi is, in 
the case of the rectangloid cell shape, always T = 2m. 

The exact cell decomposition methods do not provide a regular grid cell but 
rather a set of cells – still none overlapping – that divide M based on the content of 
M. Therefore, the cells are polygons of different shape and size. This ensures no 
redundancy in the free space description but requires a more complicated single cell 
description. The exact cell decomposition methods fall into the following main 
types, depending on how each cell is constructed: 

– Trapezoidal Decomposition (Fig. 5a). In this approach all closed objects 
belonging to C0 (obstacles) are approximated by polygons (see Fig. 5). Each 
polygon vertex v becomes a starting point for a vertical (horizontal) segment 
connecting v with the borders of M or edge of other object of C0 (red in Fig. 
5a). As all segments from all vertices v are parallel, then a cell has the form of 
a trapezoid. The middle points of each segment become the vertices in the 
graph. 

– Cylindrical Decomposition (Fig. 5b). This approach is very similar to the 
former one except for one fact: if a segment ends on another polygon, then it 
is extended until it reaches the border of M; the middle points of each 
segment become the vertices in the graph. 

– Triangulation (Fig. 5c). In this approach each vertex of polygonal objects in 
C0 is connected with two other ones so that the cells are of a triangular shape. 

In the exact decomposition the number of graph vertices depends on the 
content of M. The critical issue when designing a graph based GPP algorithm is 
a proper choice of vertices – even the best graph search algorithm will be useless if 
no optimum connections between the vertices can be found2. 
                                                 
2 Refer to Fig. 5a, b, c, when in case a, b there is no way that allows to circle pentagon while 

a more appropriate choice of vertices in case c provides a way around this difficulty. 
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Fig. 5. An example of the exact cell decomposition. a) the trapezoidal decomposition, b) the 
cylindrical decomposition, c) the triangulation decomposition; white – free space, 
black – occupied space, – – decomposition orders, – – possible inter-cell crossing. 

2.6. Mathematical formulation of the problem 
Independently of the type of the S-space, map, and C-space, the GPP problem, 
denoted generally as P(x), where x is a particular instance of the problem, can be 
described as a vector (notice that we will use in the explanation of the particular 
elements of the vector those terms which directly refer to an evolutionary 
computation related view of the problem and its solution as it will be clear later on): 

 ( ) mGPPGPPR rrfgEBMNAASCxP ,,,,,,,,,,,,, 0 ϕ=  (3) 

C – Configuration space (C-space) of the problem – the space of genotype 
elements of problem P, 

S – Search space (S-space) of the problem – the genotype space of problem 
P, 

A – Answer space for problem P – the phenotype space of problem P, 
N – a neighbourhood function, 
AR – a set of solutions for problem P, AR ⊆ A, 
m – a map representation of the C-space, 

BGPP, EGPP – an initial and destination position of the path, B, E ∈ M, 
f – an evaluation function which determines the "goodness" of a path, 
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g – a growth function: each element s ∈ S, called a candidate solution, 
represents at least one answer a ∈ A for problem P, which is done 
through the growth function g: 

 ASg →:  (4) 

r0, …, rm – planning rules which determine the feasibility of a computed path, 
ϕ – a feasibility function for a path that in case of the GPP problem has the 

form of the Boolean conjunction: 

 ( ) ( ) ( ) ( )aaaa reb ϕϕϕϕ ∧∧=  (5) 

a ∈ A – a particular candidate answer (path of a mobile robot) for problem P, 
i.e. 

 ( )( ) ( ) AaMQaLiQQa iaL ∈∈−<∀= − ,,1,, 10   (6) 

 ( ) [ ]
[ ]




=
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0for1
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ϕ  (7) 
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 ( ) ( )aa rj

m

jr ϕϕ ∧ ==
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 (9) 

 ( )




=
j

j
rj rruleviolatinganswercandidatea

rruleviolatingnotanswercandidatea
a

for0

for1
ϕ  (10) 

 ( ) 1=⇔∈ aAa rR ϕ  (11) 

The AR set is not explicit but the belongingness a ∈ AR is determined for each 
candidate answer a by the set of rules rj. L(a) is the number of intermediate points 
within the path? The minimum value of L(a), ∀a ∈ A, is 2, because each path 
contains at least the initial and final points, BGPP and EGPP.  

The fulfillment of ϕb(a) ∧ ϕe(a) does not pose any difficulty, while the case 
of not violating any rule of path planning, ϕr(a) = 1, is a hard task; the latter (i.e. 
ϕr(a) = 1) is known in computer science as the Boolean Satisfiability Problem (SAT) 
that is an NP-complete problem.  

This implies that the GPP problem described in the form (3) is a SAT-type 
problem apart from being an optimization problem. If AR ≠ A3 for a particular 
instance x of problem P, then the transformation (12) proceeds. Otherwise (AR = A), 
the transformation (12) is not performed on the x instance of problem P. The 
inequality AR ≠ A holds if and only if  ∃a ∈ A, ∃j, that: ϕrj(a) = 0. Then: 

                                                 
3 Meaning that all possible paths do not violate any planning rule. 
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wr – normalized weighting factors for rule violation functions, ∀r 1≥ wr ≥0, 
qrj(S) – a rule violation function for a particular path over map M that has the 

following important properties: 
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 ( ) ( ) ( ) ( ) 01:,00:, 1111 >=∀==∀∈∀ aqajaqajAa rjrjrjrj ϕϕ  (16) 

Properties (15) and (16) are crucial for the construction of the rule violation 
functions qrj(S) and can also be expressed by: 

 ( ) ( )2121 '', afafAAaAa RR <−∈∀∈∀  (17) 

As it will be shown, the inequality f'(a1) < f'(a2) in (15) has to be replaced by 
f'(a1) << f'(a2) in order to reach a fast convergence to a violation-free path of 
a mobile robot in the case of using a memetic algorithm as it will be presented in 
this work later on. 

The weighted sum ( ) =
⋅m

j rjrj aqw
0

 in (14) expresses a distance of feasibility, 

i.e. a distance of a to AR. For the problem described by (12) and (3), the GPP is an 
optimization problem with constraints and ϕrj are the Boolean feasibly functions. In 
case of both (3) and (12) the constraints are set by rules rj, which are explicitly given 
(3) before the GPP is undertaken. These rules may include: a necessity to omit 
obstacles, a necessity not to get closer to an obstacle than a specified distance, 
a necessity of avoiding movement loops, etc. 

In the case of a one-dimensional function f(s), the problem of GPP is 
a single-objective one and can be solved by using typical optimization methods. If 
there are several objectives that one has to incorporate, the problem becomes 
practically solvable only via approximate (heuristic) methods. 

A neighbouring function N is defined as: 

 ( ) AaNAN A ⊆→ :2:  (18) 

and is a function for selecting neighbouring configurations of problem P. It defines 
possible transitions between the configurations. The N-function defines the 
“locality” of a local search algorithm incorporated to find solutions a ∈ AR. The 
principal property of N is that for each pair of configurations a1, a2 ∈ S there is 
a finite number (here n) of neighbouring configurations a'1, …, a'n, such that: 
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 ( ) ( ) ( ) ( )2231211 ,,,, aNaaNaaNaaNa n ∈′′∈′′∈′∈′   (19) 

i.e. there is a finite number of “steps” between each two candidate solution; in other 
words, each candidate solution can be created from any other configuration from S. 

Using this notion, we have: 

The Global Path Planning problem P is a problem of finding a feasible 
answer a* such that: 

 ( ) ( )[ ] 0: /≠⇔′≤′∈∀∈ ∗∗
RR AafafAaAa  

If AR is an empty set, then any GPP algorithm should output an error 
informing that no valid path can be found. 

In general there are two different types of approaches to each 
search/optimization problem [41]: a Local Based Search and a Population Based 
Search. The Local Based Search methods start from a candidate solution a0 and 
search its N(a0) for an a1 candidate solution which leads to a better value of the 
evaluation function f. Because of property (19) all the configurations can be 
evaluated. The main property of the Local Based Search is the selection of 
a neighbouring function N and performing a “step” from one configuration to 
another within neighbourhood N. As the “step” operation is always just one step, 
then the Local Based Search boils down to an iterative mutation process as it will be 
clear later on. 

On the other hand, we can well imagine an immediate expansion of the idea 
of the Local Based Search, i.e. the Population Based Search when one keeps n (n ≥ 2) 
concurrent candidate solutions. In this manner not only one can speed up the 
computation process by some parallelization but the Population Based Search brings 
about another improvement in the evaluation of the f' function: a recombination 
operator. This operator combines several configurations into a new configuration. 
As some candidate solutions are independent from each other, one can benefit from 
the parallel and concurrent computations. The candidate solutions cooperate and 
compete between each other. The aim of doing so is to overcome shortcomings of 
each candidate solutions and amplify their merits. 

In case of the Population Based Search we no longer speak about a simple 
point within the S-space but rather about a hypergraph in that space [41], which tries 
to cover that space in the best possible uniform manner. 

The resulting conclusion that a Global Path Planning is an optimization 
problem with constraints is crucial. It means that nearly all type of the variety of 
optimization methods present in the literature may be employed to solve this task. 
Therefore one should expect a diversity of methods solving this problem. 
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3. Classical methods for solving GPP 

Depending on the world representation (map) methods the user has to choose 
a proper way to solve the GPP problem. The methods differ from each other and it is 
really difficult to compare one method to another and they should rather be 
compared within the group of methods that they belong to. A great part of the GPP 
methods are based on some random processes [31] and the properties of time and 
space complexity cannot be easily or explicitly calculated for them. 

The path optimality is one of the key feature of a desired algorithm and most 
of methods deliver it though only within the representation employed. However, in 
general, not necessarily an “optimal path” is the best path. 

The methods are distinguished by the map representation type they use 
starting from computational geometry based methods through roadmaps and graph 
solving techniques and ending in meta-heuristic based approaches. Such an order is 
based in fact on the chronology of their appearance. 

The GPP algorithm is called complete if and only if it returns a valid path 
between the start and destination point, if it exists, but also indicates if no solution in 
the search space exists that does not violate planning rules. In general, theoretical, 
deterministic algorithms lack the property of completeness, they are difficult to 
implement and are not robust. On the other hand, heuristic algorithms do not 
guarantee the attainment of an optimal solution but they usually give good results 
and are easier to develop and implement. 

3.1. Roadmap methods 
3.1.1. Visibility graph methods 
In the early 1980’s one of the most important problem in computational geometry 
that was dealt with computationally, and the solution of which found many 
applications, was the problem of finding obstacle avoiding shortest paths [42] and of 
finding efficient algorithms for the visibility graphs (the visibility graphs and the 
obstacle avoiding shortest paths are described in [32, 33]). It can be shown that 
a path between two points is the shortest in the sense of its Euclidean length if it is 
a spline of line segments whose vertices are vertices of obstacles. The graph that 
connects the vertices V of polygonal shape obstacles is called a “visibility graph” an 
example of which is shown in Fig. 6. 

The visibility graph is an undirected graph with the set of vertices V and the 
set of edges E connecting the vertices. For constructing such a graph there is 
a straightforward method: for each pair of vertices, p, q, one checks if a line segment 
connecting them intersects with any obstacle. If |V| = |E| = n, then the time 
complexity of such an algorithm is O(n3). 

For the first time the algorithm was presented by Lozano-Perez and Wesley 
[23] with the computational complexity of O(n3). Then, by introducing theoretical 
and algorithm improvements, that complexity was consecutively reduced to 
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O(n2 logn) [24, 43], O(n2) [44], O(|E| logn) [45] (|E| is the number of edges in the 
visibility graph), and O(n logn + |E|) [46, 47]. 

 
Fig. 6. An example of a visibility graph. Note that each edge of a polygonal obstacle becomes 

an edge in the visibility graph. V is completed by the map region of the internal vertices. 

In general an approach for reducing the computational complexity consists in 
using different approaches for finding the visibilities. Assuming V to be a set of 
vertices of polygonal obstacles and E a set of edges of these obstacle, we note that 
each vertex v ∈ V is a point of connection of two segments esegin(p), esegout(p) (see 
Fig. 7). The rayd(p) is a half line with p as the starting point and d as the direction. 

A visibility function visd(p) in the direction connected with d is defined as: 

( )








∈

∞
=

casasotherinEee

vertexaispwhichofpolygonintersectsdlinehalfifINTERNAL

ddirectioninobstacleisthereif

pvisd

,

,

,

 (20) 

The algorithms of constructing the visibility graph starts from d = 0 (the 
horizontal direction, see Fig. 7). Then, one begins changing the direction d from 0 to 
π by simultaneously updating the value of visd for each vertex of the polygon. 
Denoting by dprev a half-line preceding d, and by dfollow the direction following d, we 
update according visd to: 

Step 1. If visd prev(p) = INTERNAL and point q is the other endpoint of esegout(p) or if 
visd prev(p) ≠ INTERNAL and q is an endpoint of visd prev(p), then 

 ( ) ( ) ( )
( )


 =

=
casesotherinqvis

INTERNALqvisifqe
pvis

prevd

followdsegout

followd  

Step 2. If visd prev(p) ≠ INTERNAL and q is closer that visd prev(p) in direction d, then 

 ( ) ( )qepvis segoutfollowd =  
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Step 3. If visd prev(p) ≠ INTERNAL and q is behind visd prev(p) in direction d or if 
visd prev(p) = INTERNAL and q is not the other endpoint of esegout(p), then no 
changes are made to visd follow(p) and visd(p). 

If visd=0(p), then the calculation is performed for each p ∈ V, one sorts 







2

n
 

pairs of vertices by the slope of their connecting lines and for every pair of vertices, 
visd is calculated according to Steps 1–3 mentioned above. The complexity of the 
visd = 0(p) calculation is O(n2), the sorting by using well-known procedures can be 
performed in O(n2 logn) and totally the complexity is of O(n2 logn). 

 
Fig. 7. An example for the calculation of an existent visibility graph in O(n2 logn). 

Another way to decrease the time complexity of calculating the visibility 
graph is to construct a sparse visibility graph. This method was first presented by 
Ghosh and Mount [46] and further developed by Rohnert [48] and Tarjan [49]. 

The visibility graph can be used to determine all the shortest paths to the 
destination (endpoint). Vertices in the visibility graph are completed by the starting 
and destination points for which the visibilities are also calculated. Depending on 
the implementation of the Dijkstra algorithm [50], we need to increase the time 
complexity by O(n2). (the classic implementation) or by O(|E| + n logn). (the Fibonacci 
heaps based implementation [51]. 

3.1.2. Shortest path map methods 
This group of methods is also meant for polygonal obstacles. Map M is divided into 
regions R1, R2, …, Rn. We say that two points p, q belong to the same region Ri if: 

 ( ) ( )wrwpMwRqp i ,,, ππ =∈∀⇔∈  (21) 

where π(a, b) is the shortest path between points a, b ∈ M excluding the start and 
destination points. 
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This means that two points belonging to the same Ri have exactly the same 
routing topology from any point in the map. Therefore, in order to find the shortest 
path between any pair of points from M one needs to define all regions Ri and 
determine the position of the starting and destination points to the particular regions. 
Effective and efficient point location methods can be found in [52, 53]. 

Another example of the shortest path maps was discussed by Lee and 
Preparata [54]. They attained the O(n logn) time complexity if all obstacles were 
parallel line segments. Other examples can be found in [55] (with O(n(k + logn)), 
where k is the number of obstacles), in [56] (O(n log2n) when the visibility graph is 
used for the determination of vertices and graph edges). 

3.1.3. Shortest path methods using triangulation 
Assuming the GPP task within a simple polygon P, another group of methods was 
introduced by Lee and Preparata [54]. The first step of these methods consists in the 
triangulation of the interior part of the polygon within which a path is planned. The 
triangulation that is asymptotically fastest is that presented in Tarjan and Wyk [49]. 
Vertices V of graph T are constructed as cross points of the medians of each triangle, 
and edges of the graph are line segments with neighboring triangles, i.e. the 
maximum number of edges starting from any point of such a graph is tree. 

 
Fig. 8. An example of the GPP within a simple polygon, BGPP – starting point, EGPP – 

destination point; a) polygon P after the triangulation and tree graph determination, 
b) polygon after reducing the cells C(BGPP), C(EGPP). 

In the next step, polygon P is reduced by downsizing the cells C(BGPP), 
C(EGPP) containing the start and destination points. Each cell border is a line 
segments |Pi,1, Pi,2| (Fig. 8). The shortest path from the Pi and BGPP, EGPP points is 
a line segment connecting these two as there is always visibility between them. If 
π(BGPP, Pi,1) and π(BGPP, Pi,2) is a graph trace from BGPP to Pi,1 and from BGPP to Pi,2, 
respectively, and the last common point for these two paths is point A (see Fig. 8b), 
the segments of π(BGPP, Pi,1), π(BGPP, Pi,2) are convex within P which is called 
a funnel [54]. This common part of a path becomes a destination one. The remaining 
sequence of vertices to visit is calculated as follows: 

a) b) 
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Step 1. If A, Pi,2 is a visibility, then it becomes a parent of a path. 

Step 2. Otherwise, start by a sequential search among the vertices in the funnel F for 
a vertex T such that the line segment |T, Pi| is tangent to F. A polygonal line 
connecting A and T becomes the new funnel F. 

The class of algorithms that find the shortest path in O(n log logn) may be 
further improved by triangulation to O(n) [54]. 

The main drawback of the method presented is that it works only for the 
interior of polygons. In the case of rectangloids, the triangulation dividing area is 
very sparse resulting in a non-optimal selection of graph vertices. Each of the 
method mentioned before are based on the old Lozano-Perez and Wesley approach 
[23] and can deal with a point robot. Each real non-dimensionless robot demands a 
map dilation. In the case of a non-polygonal shape of the robot or the kinematic 
structure corresponding to the track based robot steering, the dilation results in 
a change of polygonal-shaped obstacles into non-polygonal ones, and therefore all 
the methods listed cannot be applied. 

A very similar idea of a roadmap is called a meadow map [57, 58] an 
example of which is shown in Fig. 9. As in the case of triangulation, the path 
planned is jagged and not optimal in the sense of length. For this method a technique 
of path relaxation has been developed that is based on the construction of a path 
produced by the meadow map method which calculates a path similar to the 
visibility diagram path (see Fig. 9). 

 
Fig. 9. An example of the meadow map. Vertices of the graph constructed are marked with 

the blue dots: the middle points of the red segments connecting vertices of each 
polygon. The blue line is the meadow map path and the green line is the meadow map 
path after relaxation. 

Chew [59] in his work presented a visibility graph approach for an ellipsoidal 
shaped robot that runs in O(n2 logn). A similar work can be found in [60]. Enriching 
Chew’s algorithm by using the SPM approach, the path-planning for an ellipsoidal 
robot can be performed in O(n2) [55]. 
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3.1.4. Voronoi diagrams 
The Voronoi diagram is a special case of the metric cell decomposition [61]. In most 
of the examples considered it divides the plane represented by M containing n points 
O0, ..., On–1 to n non-overlapping cells C0, ..., Cn–1 so that any point P ∈ Ci, P ∈ M, is 
closer to Oi than to any other point O0, ..., On–1: 
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d – a distance function between any two points within M. 

 

 
Fig. 10. a) An example of the Voronoi diagram cell decomposition derived by using 

a dedicated tool [69]. Different colors refer to different cells C0, ..., Cn. The black 
dots denote O0, ..., On while the white segments are the Delaunay edges [63]. b) the 
Voronoi diagram for the line segments [61]. 

a) 

b) 
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The edges of C0, ..., Cn become the edges of the graph. The vertices are 
constructed as points of the edge intersection. Due to the formal definition (22), the 
graph edges that represent possible pathways between the vertices maximize the 
distance of the robot to obstacles while following the path. An example of the 
Voronoi diagram is shown in Fig. 10. 

The lower bound for computational complexity for the Voronoi diagram was 
established by Shamos [64] and is at least equal to O(n logn) for n points, the 
coordinates of which are increasing. 

Several approaches were proposed to construct the Voronoi diagrams: 
– Incremental construction [65]. In this natural approach V(S) is constructed by 

incrementally adding points, i.e. for point p, V(S) is derived from V(S)/p by 
inserting this point. The computational complexity of such a procedure is 
O(n2). Some related works that make it possible to lower this bound can be 
found in [66, 67]. 

– Divide and conquer method [68]. In this approach the area S is divided by 
vertical or horizontal lines into two regions L and R for which V(L) and V(R) 
are calculated recursively. If the splitting lines between points can be found 
in O(n), then this method attains the O(n logn) complexity. 

In real world conditions point obstacles occur rarely, if at all, and the 
definition (22) has to be extended to polygonal shape obstacles. This consists in 
finding polygon edges and representing them as line segments, and then in 
performing the bisection of the regions [63] – see Fig. 10b. 

For a disc shape non-point robot the collision-free path between any two 
points on the map exists if and only if the radius of the disc is not larger than any 
point of the path along the Voronoi diagram. The proof of this theorem can be found 
in [61]. The assumption of a disc-shaped robot is a typical approach to most of the 
robot shapes because by using this approach one can also model the kinematics of 
motion for a track based robot that includes turning possibilities. 

3.1.5. Probabilistic roadmaps 
The Probabilistic Roadmap Planning (PRM) is a relatively a new technique in the 
straight graph approach that has been developed over recent years by different 
researchers [69–73]. The family of PRM methods has been proved to be successful 
in many types of motion planning tasks. Generally speaking, the PRM consists in 
two recursively performed steps: (1) sampling the C-space, and (2) building a graph 
by simple planners. There is no one and only one specific method for these steps but 
one has to rather choose a specific one that will perform best in a particular case 
considered. 

The C-space is sampled for some configurations c and if c ∈ Cfree, then this 
configuration is added to graph V, and then a set of vertices from the existing V is 
tested for a collision free connection with c and a new edge in V is created, if it 
exists. Note that, in general, not all vertices from V are checked for that connection 
but rather a number of them is sorted increasingly with respect to the distance from 
c, so that the edges in V remain local. Several approaches to the sampling can be 
found in the literature: 
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– Uniform sampling, in which the density of candidate vertices is constant 
within Cfree. This is also called a grid based sampling. Typically, a grid is 
coarse at the first time and is refined by making the grid denser if no 
connection can be made. 

– Random sampling, when a random sample is created by picking-up random 
values for all degree of freedom of the C-space. 

– Halton sampling [74] or random Halton sampling. The C-space is sampled 
due to the Halton discrepancy theory for achieving a better coverage than the 
grid based sampling. For more details on the Halton sampling, cf. [75]. In the 
random Halton approach, while adding the next n-th vertical candidate, one 
checks the area in the neighborhood of this point for the next vertical 
candidate and the neighborhood is limited to: 

 
n

kA
N =  (23) 

A – an initial part of the C-space (a significant part of it), 
k – a small constant; typically k ≈ 0.002 [76], 
n – the number of the next candidate for vertical, 

so that each next point sampled in N becomes smaller. 
– Cell-based sampling. This is an iterative method. One starts by decomposing 

the workspace into 2n cells and assigning to them random configurations. 
Next, each of these configurations are split into 2n subcells. This method 
refers to an approximate cell decomposition. In this way we attain a better 
spread over Cfree. 

– Gaussian sampling. The main purpose of a diversification of the density of 
sampling in different regions of the C-space is to add more configurations 
near the obstacles. It is done by sampling two configurations that lie apart 
from each other by the distance of the Gaussian distribution simultaneously 
and adding a non-violating one of them only if the second lies in C0. It was 
shown in [77] that the Gaussian sampling shows excellent performance for 
indoor conditions. 

– Obstacle-based sampling [78] works in a similar manner. If a sampled 
configuration lies in Cfree, then it is added to the graph, otherwise a random 
direction of the movement is chosen and a next point is sampled with an 
increasing step until the sampled point belongs to Cfree. In this way the 
sample configuration lies near the boundary of Cfree and C0. Another version 
of the obstacle-based approach (called the obstacle based* approach) refrains 
from adding a point to the graph if initially it was in the Cfree region leading 
to a situation that most of the sampled points are close to the Cfree – C0 
boundary. 

Geraerts and Overmars in [76] present the total time of sampling around 
obstacles for the methods mentioned while used in the PRMs for several different 
indoor terrains. Their results are shown in Table 1. 

The second important step in PRM is node adding. When the vertices of the 
graph are found, they have to be incorporated in the graph by setting a neighborhood 
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relationship between the vertices. A proper choice of n, the maximum number of 
neighboring vertices, is a key point from the point of view of time complexity of the 
connectivity computation. Too few point may lead to the situation when no graph 
connection can be found, on the other hand the connection of the vertical ones that 
are far away from each other in the C-space results in a high computation efficiency 
because a test for a connection is usually the most expensive part in PRM [78]. 

Table 1. A comparison of the computation time (in seconds) of sampling methods used in the 
probabilistic roadmap approach (PRM) – cf. Geraerts and Overmars [76]. 

Sampling 
Area 

Gaussian Obstacle 
based 

Obstacle 
based* 

Halton 
random 

Halton 
deterministic 

Random Cell 
based 

Grid 
based 

Corridor 0.4 0.5 0.5 0.3 0.2 0.4 0.4 1.4 
Rooms 0.4 0.7 0.5 0.2 0.3 0.8 0.7 0.6 
Clutter 5.6 3.7 7.9 2.2 4.0 2.7 3.1 7.3 
Hole 3.1 8.0 2.1 15.8 43.3 33.9 42.3 26.2 

House 268.0 197.1 209.4 152.9 207.4 210.0 225.9 262.5 

As in general the C-space is more than two dimensional and the robot is 
treated as non-holonomic, then the difference in two configuration is not only to be 
determined by the Euclidean distance but also a rotational distance has to be taken 
into account. It is done in most cases by summing up two distances d = dt + dr where 
dt denotes a translational distance between the configurations and dr denotes 
a maximum distance that each of the points belonging to robot travels while the 
robot rotates, i.e. the point that lies farthest from the rotation origin. While this 
method is easy to compute, it also gives a reasonable estimate of the configuration 
distance [31]. 

The following techniques are used for the determination of graph edges: 
– Nearest-n. In this approach only n vertices laying the closest to configuration 

c are added. Close vertices result in an efficient connection computation. 
A drawback of this method is that if a component (obstacle) has multiple 
vertices all n-nearest vertices are associated with the same component. 
Therefore no intra-component connections are made and no connection 
through the graph can be found. 

– Component. Each configuration is connected to a component that lies close 
enough as it is preferable to connect multiple components. An N-component 
version connects configuration c to at most n configurations from each 
component. The number of connections is kept small as in the nearest-n case. 

– Visibility. The approach is based on the configuration visibility [79] that 
connects useful vertices. A candidate vertex is useful if it cannot be 
connected to any other vertex or to any other two or more vertices. If the 
visibility is from one other vertex only, then this configuration is not useful. 

It is showed in [76] that depending on the terrain type, different vertex 
addition methods may be preferable. Results of the comparison of edge building 
strategies can be found in Table 2. 

The PRM method requires a proper choice of the sampling and edge adding 
technique. The best results can be obtained by combining the Halton sampling with 
the nearest-n edge adding strategy; Table 1 and Table 2 can be used for comparison, 
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Table 2. A comparison of computation time of vertex adding strategies for the PRM – cf. 

Geraerts and Overmars [76]4. 

Area Nearest-n Component Component-n Visibility 
Corridor 0.2 0.8 0.5 1.5 
Rooms 0.3 0.5 0.7 2.3 
Clutter 4.0 4.4 3.4 7.6 
Hole 43.3 120 31.9 20.9 

House 207.4 279.6 189.1 > 600 

3.1.6. Rapidly exploring random trees 
Another randomized approach to the GPP problem was introduced by LaValle [80]. 
It is a graph based method that can be used for the holonomic, non-holonomic [81] 
and kinodynamic planning [82] of moving objects including the mobile robots [83]. 

In general, the method for the constructing of a random tree of n vertices 
rooted in cinit is shown in Fig. 11. First, an initial configuration is added to the graph, 
and the next steps are repeated n times to obtain an n-vertex graph. 

 
Fig. 11. An example of the RRT [91] (Rapidly exploring random trees) method: a) a general 

algorithm, b) a vertex addition procedure, c) an example sequence of two rapidly 
exploring random trees (RRTs) rooted in cinit and cgoal which build up the connection 
graph. 

A random configuration is sampled from the C-space as follows: crand (step 1) 
crand ∈ cfree. In step 2 cnear is found, i.e. a vertex in the configuration graph for which 
the distance from crand is the closest among all the added ones. The crand and cnear 
create a segment in which a new graph vertex is created, cnew: that is placed in the 
direction of crand from cnear by the ∆q distance. The RRT graph is built from the cinit 
and cgoal configurations simultaneously and the cnear vertices are sampled from both 
roots. 

                                                 
4 The computation time is provided for a typical desktop computer with a 2.4 GHz Pentium 4 

1 GB RAM. 
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The ADD_NEW_BRANCH procedure is calculated for cinit and cgoal, 
simultaneously for cnew, obtained from cinit, and cnew, obtained from cgoal if there is 
visibility between cnew and cnear for the goal and initial point (see Fig. 11c); two roots 
are connected and a path is found. To connect two roots, the rule is assumed that 
additional vertices in the C-space with a distance of ∆q are produced using a greedy 
algorithm and therefore the path produced need not be optimal and the algorithm is 
not complete. However, as in the case of the PRM, it can be shown that it is 
probabilistically complete. 

The main issue that is responsible for time complexity of the RRT method is 
the search for the nearest neighbor. For trees with more than 20 000 nodes a typical 
brute-force method for finding the nearest neighbor has to be replaced with more 
sophisticated counterparts such as the k-d trees [85] or a bi-objective shortest path 
method [86]. An example of a path planned using the RRT algorithm can be found 
in Fig. 12. Additional information on the RRT methods can be found in [84, 87, 88]. 

 
Fig. 12. An example of a path planned using the RRT algorithm c.f. [86]. 

3.2. Artificial Potential Fields methods 
3.2.1. Artificial Potential Fields 
The artificial potential field method, first introduced by Khatib in 1986 [89], was 
originally developed as a real-time obstacle avoidance method when emphasis was 
put on online computations. In this approach a robot is treated as an electron in 
a potential field on the map where attractive and repulsive forces act on it [90]. 
Obstacles generate repulsive forces while a goal attracts the robot. As in the case of 
the electric field the forces are stronger closed to the obstacles and to the goal so that 
far away objects have less effect on the robot movement [89]. The superposition of 
these forces generates a vector of desired robot movements. 

In the basic approach the search space is decomposed into cells for which 

two forces attrF


 and repF


 are calculated as follows: 
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where: 
kattr, krep – scaling factors, 

ρ – a distance to obstacle, 
ρ0 – a distance of influence, 

x, xgoal – a position of the robot and goal. 

The direction of repF


 is perpendicular to the source of repulsive force while 

attrF


 is in line with the segment connecting the current position and the goal point 

(see Fig. 13b). A potential field grid (Fig. 13a) constitutes a graph with repattr FF


+  

for which a path is a set of consecutives minima. Steps of creating attrF


 and repF


 are 

shown in Fig. 14. 

 

Fig. 13. An example of attrF


(green) and repF


(red) and the resultant robotF


(yellow). 

The main drawback of the potential field method is the presence of local 
minima that causes the robot to be trapped in [91–93]. An example of such a 
minimum is shown in Fig. 14d. 

In order to avoid and overcome the local minima problem two techniques can 
be employed: (1) to escape the minima, and (2) to build a potential field without 
local minima [5]. The work of Kodzitschek [30] shows that every obstacle produces 
a saddle point in the potential field that lead to the occurrence of local minima. 

The first group of methods consists in creating navigation functions. The 
simplest approach is to add some noise to the global navigation function [93, 94]. 
Connel, Rizzi and Choset [95, 96] proposed the creation of local potential fields, 
where locality is defined by a map decomposition. An additional approach for 
escaping local minima is a random walk based technique that in case of the robot 
being trapped in a minimum that is not a goal point, imposes a randomized force on 
the robot knocking it out of that minimum [97]. 

The artificial potential fields were extended by using the depth-first search, 
where a path was composed of segments of the same non-unit lengths towards the 
direction of a potential field gradient [33]. Choosing a small length of the step, 
a local minimum area can be avoided but longer steps narrow the size of the 
potential C-spaces because of the existence of obstacles. To overcome the local 
minima problem one can incorporate the best-first planning (search) methods [33]. 

a) b) 
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Fig. 14. An example of a local minimum for a regular grid artificial potential field. 

a) attrF


calculated, b) and c) repF


 for both obstacles, d) a local minimum that would 

cause robot trapping. 

The configurations in the C-space are used to construct a tree. In each 
iteration a branch with the lowest potential is chosen. The neighbors of such a cell 
are selected and evaluated by the value of potential while a pointer to these 

a) b) 

c) d) 
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neighbors is set to this cell. In this way a path through the graph containing a local 
minimum is terminated while another one is being searched through. If another path 
also contains a local minimum, then yet another one is been searched for and local 
minima in every step are filled up [69, 98]. 

In fact, the artificial potential fields methods were used in the past as fast 
planners, being not difficult to implement. It is relatively easy to create the potential 
field even for a point robot but there is a great difficulty for constructing the field for 
a higher dimensional C-space [97]. It is also difficult to take into an account 
different properties of obstacles or terrain types as it has to be included in the 
potential building function. 

3.2.2. Wavefront planning 
Similar results for path planning can be obtained using wavefront planners. The 
general idea of these algorithms consist in considering the C-space as a heat 
conductive material with heat radiating from the start node to destination node. An 
advantage of this approach is its completeness since the heat will eventually reach 
the goal configuration. The path produced is also optimal in the sense of length but it 
is difficult to incorporate other planning performance criteria. 

  
Fig. 15. The wavefront planners. a) Overview of the algorithm, b) An example of path 

planned by a wavefront planner (yellow). The numbers represent the total cost to 
reach a particular cell. 

a) b) 
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However, the wavefront planners can handle different terrains [99]. It is done 
by decreasing the speed of wavefront propagation through the particular regions 
having a non-zero traversal cost. Obstacles have a zero wave conductivity, open 
space has an infinite one, and undesirable traversable terrains have a low 
conductivity exhibiting an effect of high-cost paths [100]. 

The wavefront planner need a prior cell decomposition but in most cases an 
approximate cell decomposition is suitable for the planning purpose. An example of 
a path planned using a wavefront planner is shown in Fig. 15 with an outline and 
description of the algorithm. 

Each cell after the decomposition is assigned a number corresponding to the 
cost of getting to that cell and calculated by the wavefront planer from the initial cell 
to the goal cell. After the costs are assigned to all cells, the points (cells) along the 
path are collected backwards by searching the neighbors with a lower cost (see Fig. 
15a). 

Some examples of the wavefront planners (Fig. 15) are the NF1 and NF2 
algorithms by Latombe and Barraquand [11, 33], NF1, implemented by Lengyel 
[101], and Brock [102] has a drawback that it directs the robot to go just by the 
obstacle border which is not desirable in sense of a safe robot movement, and it 
needs to use the LVP method for obstacle avoidance. NF2 improves the NF1 
produced paths by maximizing the distance to obstacles and produces paths similar 
to the Voronoi diagram. Other methods based on more sophisticated graph searching 
techniques can be found in [103, 104]. 

3.3. Graph search techniques used in the GPP 
Once the graph for traversing the map is created, a graph search technique has to be 
executed to find an optimal path. Graph based techniques use either cell 
decomposition methods to position a vertex position in the C-space or any 
randomized method for such a purpose. This chapter focuses on traversing the graph 
constructed rather than on graph building. 

3.3.1. Depth First Search (DFS) 
The depth first search is a general procedure for searching for a path within a graph 
and a tree. For a tree structure an algorithm searches each branch as far as the end of 
the branch is reached and then it backtracks to the vertex where the last fork point 
with a not-yet-visited branch was left. The order in which a graph or tree is searched 
is showed in Fig. 16. 

Finding a path in the worst case is of complexity O(|V| + |E|) (|V| is the 
number of vertices, |E| is the number of edges), i.e. the time complexity is linear. 
Each branch is searched through until a dead-end or until some predefined depth has 
been reached. 

The output of the algorithm is a spanning tree of vertices (Fig. 16) of a finite 
depth. An iterative deepening depth-first search is used in the case of a depth limited 
search in which the depth-first search with a particular depth setup is run iteratively 
with an increasing depth. Therefore, deeper nodes are never explored until all 
shallower vertices are evaluated. The solution is then found in the n-th iteration of 
the depth-first search for a goal point placed on the n-th level. The time complexity 
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of this approach equals O(d b ) (d is the depth of the goal and b is the average 
branching factor for all vertices that lie higher than d). 

 
Fig. 16. The order in which nodes are searched in the depth-first search procedure. 

The DFS algorithm is complete which means it always finds a solution if one 
exists regardless to graph type if the branching factor is finite. 

3.3.2. Breadth First Search (BFS) 
The breadth-first algorithm searches each depth level in one step, i.e. all vertices are 
explored on a particular level and then a next level is explored until a goal vertex is 
found (Fig. 17a). The time complexity is now as for the DFS, i.e. O(|V| + |E|) = O(d b ) 
(|V| is the number of vertices, |E| number of edges) and is linear. 

  

Fig. 17. a) Outline of the BFS algorithm; b) Order in which the nodes are searched in the BFS 
algorithm. 

a) b) 
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The BFS algorithm is complete which means that it always finds a solution if 
one exists regardless of the graph type if the branching factor is finite. As in the case 
of the DFS for a graph of a unit traversal cost, the BFS is optimal as it returns the 
path containing the smallest number of edges. For a weighted graph the method has 
to be extended to a uniform cost search that considers the traversal cost. 

3.3.3. Uniform Cost Search (UCS) and the Dijkstra Algorithm 
The USC is a weighted tree search algorithm that starts from the root vertex and 
searches the nodes in the order of increasing total traversal costs. All vertices are put 
in a priority queue in which the vertices are associated with the total traversal cost 
from the root (Fig. 18a). The node that starts the queue is expanded and its subnodes 
fill up the queue (Fig. 18b). Similarly as for the DFS and BFS, the UCS works for 
graph and trees with non-negative weights. 

The algorithm is complete and optimal in the sense of being able to find the 
shortest path because all vertices are searched for the best transitional cost, and each 
time such a cost is found this more suitable way is updated to a new value [105]. 

The time complexity of the algorithm is O(bC/M) where b is the average 
branching factor, C is the solution cost and M is the minimum edge cost. 

  

Fig. 18. a) An outline of the UCS algorithm, b) An example of a tree with the traversal cost 
and positions of vertices in the priority queue. 

The Dijkstra algorithm [50] is a specific case of the UCS algorithm, in which 
a path from each vertex towards the start point is found. Therefore, all graph vertices 

a) b) 
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have to be checked and for any particular initial point an optimal path for all vertices 
are found. The algorithm was proposed in 1956. Its regular implementation runs in 
O(|V|2), but the use of the minimal priority queue based on the Fibonacci heap 
implies the time complexity of O(|E| + |V|log|V|) and is the fastest single-source 
shortest-path algorithm for a graph with non-negative weights [106]. The well-
known Dijkstra algorithm can be used for finding multiple paths via a graph by 
iteratively finding an optimal path and removing one of the nodes that this path 
includes and searching the graph once again. 

All algorithms discussed so far are plague by severe memory requirements. 
For instance in order to solve the graph search problem using the Dijkstra algorithm 
for 15 000 vertices one needs to construct 3 · 15 0002 · 4 B ≈ 2.5 GB of tables that 
take linear space in computer memory while most of the 32-bit Operating systems 
can address up to 2 GB of memory. 

3.3.4. Trulla algorithm 
The Trulla algorithm is a graph search algorithm that is similar to the wavefront 
planning type NF1 and NF2 methods [11]. It was first introduced in 1991 by 
Mitchell [104] but the first implementation was by Murphy [103, 107]. It uses 
a decomposed map in which each cell not only contains information whether an 
obstacle is present there but also a (measure of) difficulty to traverse through 
a particular region as some paths may be more preferable than others. 

 

Fig. 19. An example of the Trulla GPP with a reactive LMP. The gray line shows the original 
path computed by using the Trulla algorithm (the rectangle obstacle was not modeled 
on the map), the log dashed line is the actual path obtained using the with Trulla 
while the short dashed line is a path obtained by the pure LMP. 
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Information that each cell contains is a vector that points to the goal and the 
magnitude value of which is proportional to the distance to the obstacle [108]. This 
feature means that an optimal path is found from each initial point of the cell and if 
an LMP (Local Movement Planner) calculates a subpath that deviates from that 
originally calculated, then the map can be easily updated. Therefore, the 
combination of the GPP and LMP is facilitated because a replanting procedure does 
not have to change all vectors in all cells so that a so called “halt-and-replant” 
behavior is avoided [108]. 

An example of the Trulla GPP and LMP reactive planner with an unmodeled 
obstacle is shown in Fig. 19. The optimality of a path is a function of the 
decomposition grid – the smaller the decomposition grid the “more optimal” the 
path is. 

3.3.5. A* algorithm 
The A* algorithm is an extension of the Dijkstra algorithm that attains a faster 
running time by employing a heuristic approach. It was introduced in 1968 by Hart, 
Nilsson and Raphael [109]. Basically, the A* algorithm uses the breadth first search 
[105, 110] but instead of a purely deterministic cost function it prioritize the search 
queue (OPEN_LIST in Fig. 20a) by a heuristic distance-plus-cost function: 

 ( ) ( ) ( )chcgcf +=  (26) 

g(c) – a cost to get to configuration c, 
h(c) – an admissible heuristics estimate of a distance to the goal configuration. 

The function h(c) has a important property of not overestimating the distance 
of a current configuration to a goal configuration, and for any vertex pair c1, c2, 
h(c1) ≤ d(c1, c2) + h(c2), i.e. h has to be consistent. If has such properties, then no 
configuration is estimated more than once. 

An extension of f(c) by h(c) sorts a priority queue in the way that directions 
towards the goal are preferable, and therefore proper metrics have to be used 
because an overestimation of this distance leads to non-optimal paths. 

The g(c) corresponds to a cost function to get to node c and the A* algorithm 
may use it as a path cost. By doing so, a proper h(c) has to be taken into account as 
simple metrics could direct the search into regions of a higher cost and produce non-
optimal paths. A variant of A* called a weighted A* can put more emphasis on 
heuristics by amplifying their heuristics: 

 ( ) ( ) ( ) 1, >+= αα chcgcf  (27) 

This should be done if and only if h(c) is admissible because if a non-
deterministic heuristic function leads to a non-optimal path, then this effect this 
effect will be amplified. When α > 1, the search process is sped up, but the path 
produced is sub-optimal and the total cost of such a path can be α times worse than 
for α = 1. 

If h(c) equals zero, then the A* algorithm becomes the breadth first search. Its 
time complexity depends on the time complexity of h(c). In the worst case it is 
exponential with respect to the length of solution. However, as Pearl [110] observed 
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and Russell and Norvig [105] showed, for a heuristic that is close to an optimal one, 
it is h*(c)5 so that: 

 ( ) ( ) ( )( )chOchch ** log=−  (28) 

However, still a literature review shows that A* can be used as a real-time 
algorithm [111]. In Fig. 20 two examples of paths obtained by using the A* method 
are presented for regular heuristics h(c) (Fig. 20b) and for α = 5 (Fig. 20c) [112]. 

 

Fig. 20. Illustration of the A* search for finding a path from a start vertex to a goal vertex. 
The empty circles represent the nodes in the open set, and the filled red/green ones 
are in the closed set. The green line represents a path. a) Outline of the algorithm, 
b) α = 1, c) α = 5. Cf. Bhattacharya. 

                                                 
5 That is the true distance. 
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There are many variants of the A* algorithm, and the most important of them 
are listed below: 

– Incremental search techniques. These methods include D* [113], Focused D* 
[114], Field D* [115], D* Lite [115], IDA* [116], Fringe Saving A* (FSA*) 
[117], Generalized Adaptive A* (GAA*) [117], Lifelong Planning A* 
(LPA*) [118]. Three main groups of incremental search techniques [119] can 
be distinguished. The first class which restarts the search technique, i.e. 
updates the heuristics and cost functions, the second class which updates the 
heuristic function value, and the third class which updates the cost function 
value. The family of the D* algorithms are used for planning a path with 
a partially unknown terrain but an algorithm has to know which part of a map 
is unknown. It is based on an assumption that an unknown terrain has 
a unique feature, i.e. it belongs to C0 or Cfree. These methods are SLAM 
(Simultaneous Localization and Mapping) ready because if any change on the 
map is not up-to-date, e.g. some obstacles exist while they are not presented 
on the map, they are added and a new shortest path is calculated. Replanning 
has to be done in real time so that the time complexity is an issue in the D* 
algorithms. It uses incremental heuristic search algorithms [118, 120, 121]. 
Additionally to OPEN_LICT and CLOSED_LIST (see Fig. 20a) the updating 
of the node cost needs to annotate vertices as RAISE for vertices having 
a higher cost that before the update on the OPEN_LIST, and LOWER for 
those where the cost decreased from the last update and which are on 
OPEN_LIST. The Pure D* algorithm is not used in practical implementations 
because of a complicated implementation. Instead, the D* Lite algorithm by 
Koenig and Likhachev [122] is employed that is an incremental heuristic 
which combines A* with the SWSF-FP algorithm. 

– The IDA* algorithm is a version of the A* algorithm that lowers the space 
complexity of the algorithm. It uses the same informed search method of g(c) 
as A*, but the cost and the shortest path is remembered only for the first 
element of OPEN_LIST and not for all nodes visited. 

– The FSA* algorithm is a first class incremental search technique. It is the 
simplest approach in which the A* algorithm is restarted from the point 
where the path deviates from the one previously calculated. 

– In the GAA* approach a heuristic function value h(c) is updated in the next 
search to make f(c) more precise. 

– The Theta* algorithm [123] is an extension of A* in which the paths found 
by the algorithm are more natural by introducing a so called any-angle 
planning. It is done by replacing PARENT(OPEN_LIST.FIRST_ELEMENT) 
= ACTIVE_CELL (Fig. 20a) block by a decision block shown in Fig. 21a. 
This combines the visibility diagram method with A* by inheriting the parent 
from the parent of an active cell if such a visibility occurs. This increases the 
time complexity of A* by the visibility calculation but produces more smooth 
paths. An example of a path derived by using Theta* is shown in Fig. 21b. If 
the decomposition reaches the bottom granularity, the paths produced by 
Theta and A* are identical but in general the numbers of subgoals are smaller 
for Theta*. 
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Fig. 21. a) A modification of the Theta* over A* by parent inheritance – cf. the block 
PARENT(OPEN_LIST.FIRST_ELEMENT) = ACTIVE_CELL of Fig. 20a. b) An 
example of the Theta* (green line) and A* (blue line). 

– The SMA* Simplified Memory-Bounded Algorithm) [124] is an extension of 
the A* algorithm that uses for computing a path the available memory only. 
Therefore one can limit the OPEN_LIST length a priori before running the 
algorithm. The block OPEN_LIST.ADD(ADJACENT_CELLS(ACTIVE_ 
_CELL)) (Fig. 20a) is replaced by the block shown in Fig. 22. Note that as 
the element from OPEN_LIST is removed, its parent has also to be removed 
from CLOSED_LIST. If the vertex has been in CLOSED_LIST 
simultaneously when any parent of that parent is on the CLOSED_LIST, then 
it also has to be removed. This leads to an increase of the running time as one 
vertex can be added to OPEN_LIST and removed from CLOSED_LIST 
many times [124]. 

 
Fig. 22. The block replacing OPEN_LIST.ADD(ADJACENT_CELLS(ACTIVE_CELL)) 

(Fig. 20a) in the SMA* method. 

a) b) 
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4. Advanced heuristic methods in the GPP 

The GPP problem is known to robotics society for over 40 years and still new 
methods are being developed to search for a path. This is because many well-known 
methods provide optimal solutions but are very sensitive to the formulation of the 
optimization problem. Changes of goals require the use of much more complicated 
conceptually and numerically multi-objective optimization techniques should 
include different and varying constraints on path planning and on computational 
resources available for the task, different environments, etc. For these reasons new 
advanced ant-colony, genetic algorithms and artificial neural network meta-heuristic 
based methods have been introduced to overcome those inherent difficulties [125, 
126]. 

4.1. Evolutionary computing in the GPP 
4.1.1. Genetic algorithms in the GPP 
The problem of offline planning for the case of a well-known environment can be 
solved by algorithms mentioned previously [113–117, 127] and many similar 
methods, but still they are inflexible and sensitive as mentioned above. They solve 
the problem as it was a single criterion optimization one, and the performance 
function considers in most cases the path length. 

Evolutionary computation is in general a powerful tool for solving a wide 
variety of optimization problems including the NP-hard ones like the SAT problems, 
COP (constrained optimization problems), dynamic optimization problems, etc. 
[105, 128–130]. In this chapter most viable significant elements of Genetic 
Algorithms for solving GPP will be presented as well as more examples of path 
produced by selected methods. 

The first approaches to use genetic algorithms for solving the GPP problem 
appeared in the early 1990s [131–133] but presented problem formulation was 
simple, without incorporating any problem specific knowledge, and therefore 
a convergence was poor and much computation time had to be spend on path 
optimization. Although genetic algorithms have been subject of rapid development 
in both: sophistication level of used methods, mechanisms or strategies and a field of 
use there are several aspects inseparable from using these. Amongst these the most 
important are: 

1. Evolutionary Computation methods belong to metaheuristic group. This 
means they are good solvers for a variety of search, optimization and 
machine learning tasks but on the other hand they do not guarantee finding 
a “proper solution”. Moreover they do not guarantee finding any solution at 
all, but in practice the quality of results is highly comparable with classical 
methods. 

2. Multiple launches of Evolutionary Computation based algorithms naturally 
ends-up with slightly different results, therefore comparing results from 
a single launch is a proper approach only for presentation purposes. Only 
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a stochastic analysis of results from multiple runs is a proper approach for 
result comparison. 

3. For Constrained Optimization Problems such as Global Path Planning 
randomly generated candidate solutions are chiefly infeasible. 
Simultaneously feasible solution may produce infeasible offspring. The 
elaboration of heuristic knowledge based genetic operators is at the very least 
difficult. 

Later, newer genetic algorithm based planners [134, 135] included adaptive 
approaches by changing genetic algorithm parameters, operators and the fitness 
evaluation function [136, 137] or by including self-tuning properties [138]; 
conceptually, those algorithms looked very similar to the genetic algorithms 
following their general framework (cf. Fig. 23). 

 

Fig. 23. A general framework for the GPP using a genetic algorithm. 
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The main differences between genetic algorithms used for solving the GPP 
problem are in the definition of operators of crossover and mutation, the evaluation 
function, the convergence conditions, the population model, etc. 

Some algorithms [135] use an initial population calculated by other well-
known path planning methods. These speeds up computations by feeding the 
algorithm with solutions that are initially at least feasible if not near-optimal. This 
method in the genetic algorithms is called seeding and, as shown by Michalewicz 
[129], it can lead to a pre-mature convergence to a local minimum, and should in 
general be avoided. 

The essence of path planning by using the genetic algorithms lies in the 
chromosome representation. Some authors prefer sampling configurations from the 
C-space [138, 139], some simple horizontal/vertical vector steps [140]. Also random 
walks in the sense of angle-displacement [141] or vector or vertical-horizontal 
displacement or graph vertexes [142] are used. Both specified lengths [143] and 
variable length chromosome representations [135] are used but in most cases, for 
simplicity, a constant length of the genotype is used. Shidong [144] presents an 
approach when a particular allele are coded as a transitions in path network created 
by quad tree decomposition (see chapter 2.5), but it requires a fixed length coding to 
accomplish crossover and mutation, however it always finds feasible solutions. 
Nevertheless most of present evolutionary procedures for solving GPP use one, 
particular configuration of the robot i.e. one position to reach [131–133, 145, 146] to 
represent a particular allele. Such representation has several advantages over others. 
First of all it expels a possibility of movement outside the map; therefore no 
violation treatment concerning this issue is needed. Secondly when sampling for 
a configuration is performed it is fairly easy to determine whether the configuration 
is or not violating in sense of obstacle encroaches. Finally the quality of information 
that is transmitted over generations does not depend on information length as each 
configuration (point on the map) can exist separately to other points while still being 
valid. Apart from these advantages another important aspect is essential: a genotype 
has a form of a set rather than a permutation and an implementation of mutation and 
crossover operators is intuitive. However as in the case of every such type of 
representation one significant aspect of a path is not being maintained over 
generations for such representation: the shape of a resultant path. It is vital to 
understand that the path is as good as methods of particular obstacle omitting within 
that path are. Therefore another type of genotype representation is proposed. In the 
scope of this work a genotype A_s of a specimen s is represented as permutation of 
segments of movement. 

None of the representations mentioned can guarantee that no obstacle 
violations occur and therefore a proper evaluation function is required. However 
several approaches have been made to overcome this problem. Yun, Ganapathy and 
Chong [145] incorporate two mechanisms to deal with this issue, namely an 
Obstacle Avoidance Algorithm and a Distinguish Algorithm (Fig. 24b). The Obstacle 
Avoidance Algorithm consists in sampling a configuration space in a specific 
manner. If a sampled configuration does not belong to an obstacle i.e. it is non-
violating it is left as a possible to use allele, if not a new point in generated 
according to following procedure (Fig. 24b): 
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1. Find a distance |AB| (A is a point that violates obstacle). 
2. Draw a right triangle (ΔABC) and find an angle α from the equation 

BA

BA

xx

yy

−
−= −1tanα . 

3. Find point C as an intersection of lines containing BC  and AC  ( AC  is 

perpendicular to AB ). 
4. Replace point A with point C. 
5. Generate next allele. 

a)  b)  

Fig. 24. a) An outline of an example of improved genetic algorithm [145], b) Distinguish 
algorithm as a modifying operator [145]. 
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This ensures that particular points have their visibility and whole path does 
not violate obstacle encroach planning rule. Additionally to this Yun proposes 
Distinguish Algorithm (DA). The underlining assumption is that DA aims in 
verifying if any of the points between two nodes m and n falls inside the obstacle 
area. If the coordinate of an intermediate point is placed with obstacle an algorithm 
checks such intersection for the next intermediate point. If none of the intermediary 
nodes lies in the obstacle area the path is categorized as feasible. For more detailed 
description of the procedure refer to [145]. 

In most cases paths derived by genetic algorithms are optimized taking into 
an account several objectives from which the most common are [128, 131–133, 
139–142, 147–149]: length of the paths, number of intermediary points, path 
smoothness, clearance from obstacles. etc. The necessity to account for multiple 
objectives is overcome by using a single evaluation function [128, 131–133, 139–
141, 147–155] or, at most, a bi-criterion optimization is used [128, 129, 142]. 

On the other hand, numerous operators have been defined in the form of 
mutation [132, 135, 138]. The implementation of these operations differ from each 
other in particular because of different chromosome representation but basically they 
lead to similar results. 

Among many example of such specific adopted solutions, one can mention: 
– Translational mutation (Fig. 25a) – a particular configuration within the 

chromosome changes its coordinates but connections to and from it remain 
unchanged. 

– Insertion mutation (Fig. 25b) – an additional configuration between two 
adjacent configurations is added. 

– Deletion mutation (Fig. 25c) – a particular configuration is removed from the 
chromosome. 

– Swap mutation (Fig. 25d) – the configuration permutation is changed by 
swapping two (in most cases adjacent) configurations. 

 
a)     b) 

 

 
c)     d) 

Fig. 25. Typical mutation operators for the GPP problem solved by using the genetic 
algorithms. [128, 132, 139–141, 147]. a) Translational mutation, b) Insertion 
mutation, c) Deletion mutation, d) Swap mutation. 

The mutation operators can be improved and deteriorated and therefore in 
a more sophisticated approach proposed by Xiao [138] the mutation operators are 
characterized by their effectiveness, i.e. the ratio of the number of improvements 
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executed on the chromosome to the total number of operator executions and the 
average time of execution of a particular operator. 

Newer approaches for solving a Global Path Planning Task aim in either use 
of specific genetic algorithm or use a specific support in a form of local search to 
improve random genetic search. Sadati and Taheri [156] propose to use the Hopfield 
Neural Network planner in conjunction with genetic algorithm. The Network is 
launched regularly to improve the quality of each chromosome by reforming it. 
They also propose a new method for seeding the initial population by regular 
sampling of the environment with following procedure: 

1. Making grid of the environment by parallel lines both in X and Y directions 
and denote intersection points by ai, i = 1, …, n. 

2. Set k to 1. 
3. Find a path from start point to ak and from ak to destination point. 
4. Increase value of k. 
5. Repeat steps 3 through 4 for each ai. 

An example of such specimen generated by this seeding mechanism is shown 
in figure below (Fig. 26) for k = 3 and for k = 45. Such seeding, however seems very 
attractive as it can be considered as best-effort method for sampling search space 
uniformly, has two disadvantages. First of all the number of unique specimen in 
initial population depends on grid size and equals up-most k6. What is more for 
different nodes ai resulting path may be the same – the more cluttered the 
environment is the higher the possibility of such situation to occur is. 

   
a)     b) 

Fig. 26. An example of specimen in initial population generated by seeding method proposed 
in [156] a) for k = 3 b) for k = 45; legend:  – path start point,  – path destination 
point,  – grid intersections (graph verticles),  – path. 

                                                 
6 The number of unique specimen depends on map content as the grid intersection points can 

occur in occupied region. 
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This introduces a typical problem for seeding in genetic algorithms: initial 
loose of diversity. If a path which phenotype is likely to occur in several instances in 
initial population is in addition fitter than average it could start to dominate in 
a selection step (Fig. 24a) resulting in diversity drop of population. 

An interesting suggestion on mutation operators have been made by Huahua 
and Zezhong [157]. They propose three original operators namely Restoration 
Operation, Reconstruction Operation and Recording Operation. These operators 
work by checking the value of the maximum7 fitness function in the current 
generation fm(t) and the upper bound of historical maximum fitness values fm = 
maxi(fm(ti)). The Restoration Operation rejects the current operations results 
(Mutation and Crossover) if fm(t) < fm and restores the current population. 
Reconstruction Operations replaces current population with an initial population if 
mutation and crossover failed several times consecutively. Recording Operation 
saves the history of fm(t) and updates fm. These operators work on a level of 
population and were elaborated to keep a constant progress of convergence within 
a population. Both Restoration Operation, Reconstruction Operation prevent from 
stagnation of population by consecutive search “restarts”, whilst Recording 
Operation plays a role of fitness historical database. Every time the algorithm is 
stuck with local minimum a Restoration Operation targets the current search into 
different direction on a fitness landscape and if this procedure does not yield in 
better population fitness whole population is being restarted to an initial state and 
search procedure is likely to find another solution. 

The crossover operation in nearly all cases quoted in the literature is a one 
point crossover with no cross point selection and by selecting two parent paths 
producing one offspring path [135]. The crossover operator construction depends 
directly on chromosome representation. In a specific case of GPP the “ideal” 
crossover operator is able to handle the problem of flaw offspring. Such treatment is 
done in one of two possible ways: (1) parent selection mechanism is specialized in 
sense of selecting parent’s which offspring would not violate obstacles or (2) 
another improvement method is implemented to change the chromosome from 
violating to non-violating. The latter one can be considered as simultaneous 
crossover and mutation operator. Such operator should not work in an ideal manner: 
newly created offspring need to be in some cases fitter and in some worse as this is 
a diversity preservation mechanism. 

An interesting method of offspring’s chromosome improvement is presented 
in [156]. It bases on the approach presented in [158] and it is called “Correction and 
Optimization” procedure. First an offspring created by one point crossover is 
performed on two parents (Fig. 27a and Fig. 27b) to produce an offspring (Fig. 27c). 
If there are alleles of non-visibility (Fig. 27c, green line) a Hopfield Neural Network 
is launched to inject additional alleles into chromosome and create new, non-
violating specimen (Fig. 27d). 

                                                 
7 for maximization problem, 
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a)     b) 

     
c)     d) 

Fig. 27. An example of specimen in initial population generated by seeding method proposed 
in [156] a) for k = 3, b) for k = 45; legend:  – path start point,  – path destination 
point,  – grid intersections (graph verticles),  – 1st path,  – 2nd path,  
– violating connection,  – new injected segments replacing violated connection. 

Another type of genetic algorithm to solve GPP task is a Quantum Genetic 
Algorithm (QGA) introduced by Yong et. al. [159] and then improved by Chuan-
ling [160]. QGA is a combination between GA and quantum computing. The 
chromosome representation bases on quantum vectors – qubit coding, whilst the 
chromosome is updated by quantum rotation gate. As opposed to standard binary 
coding the Single portion of information in QGA is not coded as ‘0’ or ‘1’ but rather 
as a superposition of two at the same time [161] which is often written as: 

 
10

βα +  (29) 

α, β – probability amplitudes associated with 0 state and 1 state. α 2 and β2 
represent probability of seeding 0 and 1 and α 2 + β2 = 1. 

For GPP purpose a genotype is therefore coded as: 
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Mutation is realized by an operator called Quantum Gate Optimization and is 
as in the case of regular Genetic Algorithm a transition of allele in the genotype. It 
operates as follows: 
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– a new allele of a genotype, 

( )φU  – quantum rotation gate, 

( ) iiii s φβαφ Δ= , – sign of rotation angle, 

iφΔ  – direction of rotation, set between 0.005 ~ 0.1π. 

 
Fig. 28. A comparison of the performance of Genetic Algorithm (GA), Quantum Genetic 

Algorithm (QGA) and Improved Quantum Genetic Algorithm (IQGA). After Liu 
Chuan-ling [162]. 

Therefore quantum rotation gate is a mutation operator, which range depends 
on iφΔ  value. Since all allele’s values come from stochastic therefore using 

Quantum Genetic algorithm one can expect a phenomenon of pushing all operators 
towards randomized search. Therefore an emphasize is put on a task of exploration 
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of a search space. On the other hand a convergence in a sense of speed will be worse 
than in classic genetic algorithm. A comparison of average fitness in function of 
generation for classical GA, QGA and Improved QGA presented in [161] is 
presented in figure below (Fig. 28). 

Another type of genetic algorithm employed to solve GPP is a Hierarchical 
Genetic Algorithm (HGA). There are several evidences of a good quality search by 
this approach, one of most famous is a design of digital IIR filter [163]. The 
underlying idea for HGA is to partition a problem into a set of few smaller issues. In 
[164] authors propose to firstly (1) find a sequence of obstacles to omit and 
afterwards (2) to determine a relationship between particular obstacles and a robot. 
The first problem is similar to travelling salesman problem (TSP) [165–167] whilst 
the second can be solved with Simple Genetic Algorithm with a binary coding. 

Some examples of paths derived by using the genetic algorithms by different 
authors are presented in Fig. 29. 

  
a) b) 

     
c)     d) 

Fig. 29. Examples of paths planned using the genetic algorithms: a) an adaptive evolutionary 
planner/navigator for mobile robots [135], b) a static environment-based path 
planning method by using the genetic algorithm [168], c) mobile robot path planning 
using a hybrid genetic algorithm and the reversibility vectors method [149],  
d) a memetic algorithm based path planning for a mobile robot [143]. 
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In all cases it is difficult to compare results obtained by different authors. 
This is because the basic framework of a genetic algorithm is so openly viewed and 
different authors introduce different approaches without giving more specific 
measures of performance – except for Xiao [135, 136]. In general, the methods 
presented still suffer from inefficiency by not introducing a path cost and advanced 
genotype repair functions. And even more, the examples presented in the literature 
are simple binary maps and the robot is treated as a point reducing the number of 
optimization and punishment criteria. Most of adaptive algorithms have also poor 
convergence, cf. for instance Fig. 29a, which shows a path generated in iteration 
number 800. 

4.1.2. Memetic algorithms for the GPP 
A memetic algorithm, similarly as each evolutionary approach based algorithm, is 
a population based search technique with all merits of the recombination operator. 
As opposed to the traditional evolutionary approach, the memetic algorithms 
concentrate on a maximal utilization of all available data aimed at obtaining an 
increase in search speed. The memetic algorithms, which have recently enjoyed an 
increased popularity [41], improve the quality of the search process since, as it was 
shown by Hart and Belew [152] or Wolpert and Macready [169], the quality of the 
search algorithm mirrors the quality and quantity of a priori knowledge that it uses. 
This thesis is well-known as the “No free lunch” theorem [97, 169–172]. 

In general, the improvement over the genetic algorithms consists in using 
other heuristic methods, approximation, local search techniques, specialized 
crossover and mutation operators, etc. [173], that is, advanced and problem specific 
methods of maintaining population diversity, heuristic seeding of initial population, 
etc. The success of memetic algorithms can be explained as a direct consequence of 
a synergy of different methods they employ. The memetic algorithms are therefore 
often called hybrid genetic algorithms which is often misleading as there is a slight 
difference between these. 

The idea of a memetic algorithm can be outlined as shown in Fig. 30. The 
initial population within the memetic algorithm can be initialized by replacing the 
standard random population generation. This can be done by Seeding in which the 
initial population comes from the specimens generated by other constructive 
heuristics. It can also take the form of a selective initialization [174] in which a large 
number of potential specimens is generated and the best ones are chosen by their 
rank, in μ tournaments or by generating a number of solutions, taking one and 
performing mass mutation to create a population around the best one obtained from 
random sampling. Radcliffe and Surry claim in their work [175] that by using 
a totally random initialization one ends up in a better average performance8 than by 
initializing the whole population using constructive heuristics. The use of a small 
proportion of the initialized population together with randomly generated specimen 
increases this performance even more. 

                                                 
8 Measured as the dynamics of average fitness over generations. 
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Fig. 30. Possible hybridizations of the genetic algorithm which lead to the memetic algorithm. 

Another way to hybridize the genetic algorithms is to use intelligent 
recombination and mutation operators. The simplest way is to bias the mutation 
operator to change the genotype more often from 0 to 1 than vice versa. A simple 
recombination can be replaced by an operator that performs the recombination 
several times and the best option is chosen as an offspring. The most complex 
operators have two purposes: to produce a best possible offspring and to preserve 
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diversity in the population. An example is a Distance Preserving Operator for the 
travelling salesman problem (TSP) program by Merz [165]. Another way is to 
employ a local search after or instead of the mutation. This forms the idea that is the 
closest to the concept of a meme as an additional learning phase of the memetic 
algorithm [176–178]. Basically, as Krasnogor showed in his PhD dissertation [177], 
it is possible to introduce such a local searcher which shifts the genotype in not the 
same way as the mutation and recombination do since this limits the worst case run 
time of the memetic algorithms. 

A perspective of the performance of the memetic algorithm compared with 
other methods including the pure evolutionary computing is presented in Fig. 31. 
The “quality” (Y-axis) is not defined in detail but the figure shows a general result 
after several years of research which clearly indicate that the memetic algorithm is 
a powerful tool for solving a wide variety of problems and by using appropriate, 
constructive heuristics in addition to the general evolutionary computing scheme we 
can expect an increased algorithm performance. What is even more: by selecting 
proper local search techniques we can shift the applicability of the method to a wider 
range if problems as sketched in Fig. 31. Therefore by choosing a proper 
hybridization method we can easily tune the genetic algorithm for the need of 
a specific problem, and this tuning can be done dynamically, i.e. by first finding 
a coarse solution using a genetic algorithm and then by amplifying local search 
techniques to obtain better results. 

 
Fig. 31. The quality of results for different search algorithms in function of possible range of 

problems solved – cf. Michalewicz [129]. 

Memetic algorithms is a new tool for GPP. In fact there are only several 
publications with first attempts to use this class of computation for solving GPP. The 
basic structure of this framework is given below in Fig. 32. 
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Fig. 32. The basic structure of the memetic algorithm for the global path planning for 

a mobile robot. 
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A basic candidate solution in the algorithm to be presented is a specimen of 
following form: 

 sssssssss LUOVLNfPAs Δ= ,,,,,,,,  (33) 

As(s) – variable length genotype of a specimen, 
Ps(s) – variable length phenotype of a specimen, 
fs(s) – value of the fitness function of a specimen, refer to f ’ of (14), 
Ns(s) – number of segments of a specimen and, simultaneously, the 

number of alleles in a specimen genotype (path segments) 
Ls(s) – length of a specimen in the map units 
Vs(s) – vector of a path planning rule violation 
Os(s) – age of specimen counted in the number of generations 
Us(s) – vector of reparability of a specimen 
∆Ls(s) – improvement sampling frequency (see Section 4.1.3) 

The length Ls(s) of a specimen is calculated as follows: 
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and it is calculated in the units of map distance, i.e. 1 unit equals 1 cell distance. 
The calculations in the algorithm are entirely done in the approximate cell 

decomposition space (Step 2 in Fig. 32). It is connected with the ease of coding of 
the integer pairs of genotypes and phenotypes. A genotype is coded in the form of 
a sequence (permutation) of two dimensional vector movements called here 
segments of movement. Each segment is therefore a [x, y] vector with a non-

constant length .22 yx +  Also the number of alleles in the genotype, i.e. the 

number of segments for each specimen, varies for specimens along the population. 
These two variables of each specimen: a variable segment movement [x, y] and 
a variable number of segments Ns(s) in the genotype are optimized during the 
algorithm run because for a particular path there is a minimum number of segments 
that represent this path without losing the path smoothness. 

A genotype of each specimen is then represented by: 
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The coordinate system for Mj is also an approximate cell decomposition 
coordinate system and therefore [xj, yj] are integer values. The value of vj determines 
whether the segment violates any planning rules and can have the values: 
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The phenotype Ps of a specimen is also calculated in the approximate cell 
decomposition domain and has the following form: 
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This means that the phenotype is of length Ns(s) + 1 containing the beginning 
BGPP

9 and the destination point EGPP and including all intermediate points along the 
planned path. 

Vector Vs is a rule violation vector where the number of specified elements 
corresponds to vj given in (36): 

 ( ) ( )wsjjs VVVsV ,,, 10 =  (40) 

 ( )VjsVjsVjsVjsVjsjs UTEBIV ,,,,=  (41) 

IVjs – identification number corresponding to vj of Mj in (36), 
BVjs, EVjs – beginning and end point of violation in the decomposition 

domain, 
TVjs – type of violation, 
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UVjs refers to the fact whether a specified violation can be repaired by the 
implemented repair methods or not. Some violations, e.g. exceeding the total length 
of the planned path, have a very limited short repair method. A detailed description 
of repair operators is given in Section 4.1.3. 

The fitness function that guides the progress during the memetic algorithm 
run is one of the most important factor from the point of view of the convergence 
speed. A proper definition of the fitness function is a key issue because the parent 
selection and survival selection mechanisms are based on the fitness function value. 
A proper construction of the fitness function becomes important in a situation when 
one need to conclude about the population diversity based on the fitness function 
value distribution10 across the population. 

In the proposed algorithm a weighted sum of particular factors is taken as the 
fitness of a particular specimen and the problem is treated as a minimization 
problem so that the algorithm seeks the minimum value of fs(s): 

                                                 
9  Refer to (3). 
10 The fitness value distribution is not the only factor that determines the population diversity 

but it is a good factor characterizing the diversity. 



4. Advanced heuristic methods in the GPP 

 58

 ( ) ( ) ( ) ( ) ( )
  


4

0 0

321

,

part

w

i

w

i
VisVisvLVisvn

part

soo

part

scc

part

sLL EBdcUcsOcisCcisLcisf  
= =

++++=  (43) 

Ls(s) – length of path – cf. (34), 
Cs(s) – specimen cost value depending on the map, 
Os(s) – specimen age expressed in the number of generations, 
UVis – reparability of particular path planning violations, cf. (42), 

d – distance between specified points (here the beginning BVis and 
endpoint EVis of violation), 

cL, cc, co, cvn, cvL – weighting/normalizing factors that are calculated in each 
generation; all weighting factors are calculated so that they 
normalize the particular factors in the weighted sum to 1, 

iL, ic, io – importance factors for the particular fitness elements. 

To summarize, the fitness function (43) takes into account: 
– Part 1 – Length of the path in the decomposition units. The decomposition 

units are easily recalculated to real distance in meters and are directly 
proportional to the distance. The smaller the region to which the map 
corresponds to, the more linear this proportion is. In fact, for the areas of 
50 km × 50 km and less it is safe to assume a linear proportion while 
calculating the real distances which results in an error of linearity ~3.4 %. 

The cL weighting factor is equal to and is equal to ( )( )GssLs ∈,max

1
 the 

inverse of the maximum length of a specimen in the population so that 
iLcLLs(s) < 1. 

– Part 2 – Cost of the path. Each cell on the map has its corresponding cost 
belonging to the interval <0; 1> where 1 means that the cell is unreachable. 
The cost of the specimen is calculated as the cum of the costs of the cells 
visited along the path. Therefore, the user specifying the cost map can 
include some property of terrain as an additional amount of fuel that is 
consumed during the transition via the cell or an unreachable area due to the 
lack of wireless communication and others. It is up to the user what the 
interpretation of the cost would be. 

– Part 3 – Candidate solution age. This is expressed in the number of 
generations and is present in (43) because the algorithm has to maintain 
a constant change and new candidate solutions should be preferred. It also 
means that if within some generations a high valuable schema is not 
transmitted into a newly generated candidate solution, then the specimen of 
such a genotype should not survive. 

– Part 4 – Violations. There are two factors responsible for the specimen rule 

violations. These are the total number of committed violations  =

w

i VisU
0

 and 

the total length of violations ( ) =

w

i VisVis EBd
0

, . As mentioned in Section 2.6 

while solving constraint optimization problems even the worst, in sense of 
a cost, length, etc., candidate solution that does not violate any rule must have 
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a better fitness than any solution violating whichever planning rule (refer to 
(15)). Therefore, this should be secured by cvn and cvL in comparison to cL, cc, 
co. Note that the maximum value of the first part of equation (43): iLcLL(s) + 
icccC(s) + iocoO(s), has a maximum value of 1 for the longest, the least cost-
effective and oldest candidate solution11 in a particular generation. The value 
of cvn = 1 is then sufficient since UVis are cardinal numbers. Also, while 
violating the rule it is more preferable to have a violation that is the shortest 
possible as, in general, repairing a shorter violation needs less computational 
resources, and a shorter violation is therefore preferable over longer ones. 

The cvL is chosen to be ( )( )GssL ∈,max

1
 because then the term 

( ) =

w

i VisVisvL EBdc
0

,  expresses the proportional part of the specimen genotype 

that violates the planning rules. Note that this part is always smaller than 1 
and even comparing a specimen with a high number of short (in length) 
violations with a specimen that violates the rule once but for a long distance, 
the first will have a worse (higher) fitness value. More detail of how the 
violations are treated within the algorithm is given below. Another important 
issue is that not all violations in the planned path increase the value of fs(s). 
Only these that are unable to be repaired using the memetic upgrade and 
repair operators (Section 4.1.3) are taken into account. That is why the term 

 =

w

i VisU
0

 is part of fs(s) and not of the total number of violations w. 

For the crossover operator a classic one-point crossover is used due to its 
simplicity. The reproduction scheme is two-on-better-one meaning that two parents 
produce many offspring of which one with the best fitness is chosen to create 
a candidate for the next generation. Because the specimen’s genotype is of a variable 
length [cf. (35)], then a proper choice of the crossover points is a key issue. 

The task of producing a new offspring is put rather in the parent selection 
mechanism than in the crossover operator itself. The crossover works in a simple 
manner: an algorithm finds possible crossover points (Fig. 33c) of two selected 
parents (Fig. 33a and Fig. 33b). Each common point corresponds to two possible 
offspring (in Fig. 33 only 3 of 6, non-violating offspring are shown). All new 
offspring are compared by their fitness fs(s) (43), and the best of them is chosen as 
a candidate to the next generation. Such more “intelligent” – memetic construction 
of the operator is more likely to produce a non-violating offspring from violating 
parents. This is a very important and advantageous feature of this operator, because 
a so-called recombination fitness step12 becomes large and diminishes the 
performance of the operator. 

                                                 
11 Such a coincidence of having the path that is simultaneously the longest, oldest and least 

cost effective have a near zero probability of occurrence. During the author’s numerical 
experiments it has not occurred even once. 

12 The parameter describes which is the fitness value of an offspring compared with the fitness 
of parents. The value is positive when the offspring have a lower fitness value than the 
parents. 



4. Advanced heuristic methods in the GPP 

 60

       
a)     b) 

       
c)     d) 

       
e)     f) 

Fig. 33.  An example of the one point crossover used in the proposed algorithm; a) specimen 0 
– the first parent that is built of 5 segments of which two are a violation (Obstacle 
Encroach), b) specimen 1 – the second parent having one violation (Obstacle 
Encroach), c) two parents with the selected possible crossover points – common 
points of two specimen, d) the first offspring, e) the second possible offspring, f) the 
third possible offspring; legend:  – path start point,  – path destination point,  – 
path violation begin/end point,  – 1st specimen phenotype,  – violation 
along segments,  – 2nd specimen phenotype,  – specimen cross points. 
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Parents having more than one common point will always produce an 
offspring containing loops. Nevertheless, these loops can by ousted by a loop 
removal operator (cf. Section 4.1.3). Such a crossover operator eliminates a situation 
when non-violating parents produce a violating offspring. And more: violating 
parents that recombine into a violating offspring produce new specimens that are not 
worse in their fitness than they themselves are. The two last sentences are crucial for 
understanding the power of this operator: it is guaranteed by the construction of the 
operator that the offspring produced by the parents will always be no worse than the 
parents’ fitness – this guarantees a constant progress of the algorithm. Additionally 
to that intelligent crossover, the algorithm can also use a simple crossover with 
a randomly chosen point. The user can freely choose a proportion of how often to 
use both operators: on the one hand, the using of the intelligent operator only directs 
the genetic drift onto optimization path while, on the other hand, a random crossover 
point provides more search-like an approach. In fact, both schemes of recombination 
are used depending on the type of population as the proposed algorithm uses a multi-
population optimization. 

For the proposed algorithm the Simple Tournament Selection and Specialized 
Tournament Selection mechanisms are used in a proper proportion depending on the 
type of population. 

The second basic genetic operator, mutation, is implemented in two forms: 
– Insertion mutation. The chromosome is cut and a number of random 

segments are inserted between them. According to (39), in order to fulfill 
(13) while mutating any allele of the genotype, the last segment has to be 
modified (or added) to end the planned path in the destination point. The 
number of segments inserted (Nm,i,s) to the mutated genotype is subject to 
change and is a population parameter. It is usually assumed such that is 
maintains the golden rule of mutation successfulness at 0.2 [179]. Fig. 34 
presents an example of an unsuccessful insertion mutation. The insertion 
mutation can be successful only if the segment following the mutation point 
(Fig. 34) is violating. 

– Deletion mutation. It is an opposing operator to the insertion mutation. The 
number of segments that are placed after the mutation point are removed 
from the genotype. The number is also a population parameter and it should 
also maintain the golden rule of mutation successfulness at 0.2 [179]. The 
deletion mutation has a similar property to the insertion mutation concerning 
the change of the last segment. 

– Lengthen/Shorten segment. This mutation consist in multiplying the segment 
length by a factor that has the normal distribution N(1, 1/16). The standard 
deviation is kept constant during the algorithm run. This operator is 
symmetrical (the mean value of distribution equals 1) and hence there is no 
need to introduce any counter-balance operator. 

– Mirror Move mutation. In this mutation the segment coordinates are 
multiplied by the vectors [1, –1]T, [–1, 1]T or [–1, –1]T without changing the 
absolute values of the movement vector. The operator is also symmetric. 
Probabilities controlling the frequency of mirror move mutation are constant. 
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a) 

 
b) 

 
c) 

 
d) 

Fig. 34. An example of (a) the insertion mutation, (b) the deletion mutation, (c) the 
lengthen/shorten segment mutation, (d) mirror move mutation; legend:  – path 
destination point,  – specimen’s phenotype,  – new (added) segments, 

 – remaining part of path (previous and next segment) begin/end point,  
– modified segments. 
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All search optimization and machine learning problems with constraints need 
a tool to deal with violations. In some cases violations can be easily overcome 
thanks to a specific specimen representation or a decoder functions [180–182] but in 
most cases this is impossible since decoder functions become complicated in higher 
order configuration spaces. 

The last term of (43): 
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is known in the literature as the penalty function (punishment function) and is 
a well-documented and investigated way of dealing with the violation of constraints 
in the COP (constrained optimization problems). 

 
Fig. 35. Typical examples of planning violations for the proposed memetic algorithm for the 

GPP. In all schematic drawings binary parts of the maps are used for simplicity of 
presentation (see Legend below), a) Obstacle Encroach, b) Too long a path, c) Abrupt 
uphill, d) Path smoothness violation; legend:  – free space (cost = 0.0),  – 
occupied space (cost = 1.0),  – path,  – remaining part of path (previous 
and next segment),  – violating part of path,  – minimum turn circle,  – 
begin (BV) and end (EV) points of violation,  – destination point,  – start point. 

a) b) 

c) d) 
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Evolutionary computation algorithms need proper tools to deal with 
violations. In the proposed algorithm the number of violations and the total violation 
length are compared. While the first (violation number: part 4.1 of (44)) carries the 
fitness value over 1, the latter (violation length: part 4.2 of (44)) serves for the 
comparison between different specimen of the same number of violations. It has 
been chosen that all violation types are treated equally without putting any 
emphasize on any violation types. 

The following violation types are considered within the proposed algorithm: 
– Obstacle Encroach violation (Fig. 35a). A very basic violation that occurs 

when a planned path leads the robot via an area that is occupied by an 
obstacle, i.e. that has the cost C equal to 1. Each transition between the non-1 
to 1 cost is detected by the algorithm as the beginning of the obstacle 
encroach violation. The length of violation is calculated as the Euclidean 
distance between BV and EV – the beginning and endpoint of violation 
occurrence. If the segment ends inside the region occupied by the obstacle, 
EV is set to be the last point of the segment and this results in counting the 
violation twice: for the current and following segment. 

– Path Length violation. This violation (Fig. 35b) is related to the Current 
energy level, Energy consumption from the properties of the robot model. If 
a path is longer than the robot energy availability allows, then the whole 
distance along the path violates the rule. This violation can occur only once, 
but the length equals the total length of the path. This error does not occur for 
the ideal point holonomic robot (due to the infinite fuel level. 

– Hill abrupt violation. If the steepness of the hill that the path approaches 
exceeds the maximum hill angle coverage parameter, a part of the segment 
where this violation occurs is considered to be violating. Note that a height 
map is needed for calculating this type of violation and this calculation may 
be complex. This error does not occur for the ideal point holonomic robot. 

– Path smoothness violation. If the particular segment connection produces 
a turn the angle of which exceeds the minimum turn curvature parameter, 
such segments part are considered as violating. In the case that the turn angle 
is too sharp, there are two possibilities (Fig. 36, Fig. 37). The robot turns 
before the segments meeting point with the minimum turn angle so that the 
circle is inside a concave angle while the planned segments are tangent to this 
circle. If the movement circle passes through the obstacle points of osculation 
of circle and planned segment become the beginning BV and the end point EV 
of the violation (Fig. 36). In the latter case the movement is realized outside 
(Fig. 37) of the concave angle. The robot starts to turn in the common point 
of two segments and moves along the circle curvature of the minimum radius 
until a return is possible. A return point (Fig. 37) is a point that belongs to the 
second circle of movement and is tangent to the first and the second segment 
of movement. If such a two-circle movement is impossible due to the 
Obstacle Encroach Violation, then the Path smoothness violation occurs. For 
the interior circle the centre point is described by: 
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Fig. 36. The first possibility for taking the turn in the interior part of a concave angle by 

a circular movement of rmin radius. Depending on the angle value, the circle centre 
point is closer or farther from the binding point of two segments; legend:  – 
path,  – remaining part of the path (the previous and the next segment),  
– violating part of path,  – the minimum turn circle,  – beginning (BV) and 
end (EV) points of violation. 

 

Fig. 37. The second possibility for taking the turn in the exterior part of a concave angle by 
two circular movements of rmin radius; legend:  – path,  – remaining part 
of the path (the previous and the next segment),  – violating part of path,  
– the minimum turn circle,  – beginning (BV) and end (EV) points of violation. 

For taking the turn outside of the concave angle, the robot turns using two 
circle movement the centre points of which are described by 
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The equation for the centre points of the circle come from simple geometric 
calculations on a plane whilst the ± signs come from the fact that the values have to 
be absolute. 

To summarize, there are four main violation types recognized by the 
algorithm: Obstacle Encroach, Path Length, Hill Abrupt and Path Smoothness 
violations. In fact, the framework of the algorithm proposed in this thesis makes it 
possible to easily extend the definitions for other types of violations by adding 
violation definitions that include: an occurrence condition, BV, EV calculation (for the 
last term in (43)) and violation repair methods. The remaining part of an algorithm 
does not change. 

4.1.3. Improvement and repair methods for GPP 
A genotype of a specimen can include movements that are either violating or 
redundant and that have to be ousted or repaired. The repair and ousting are 
implemented as mutations and lead to an increase in the fitness by reducing the 
length of a specimen, and by the elimination of violations, and are leading memetic 
properties of an algorithm. The improvement and repair methods work in a different 
way than the mutation and crossover which fulfils the postulate of Krasnogor [177] 
to introduce new operator types that increase population diversity. All the 
improvement type methods aim at decreasing the length of the specimen but they 
also take into account the cost of an improvement. In some case insufficient changes 
are accepted i.e. operators always improvement length produced but in some cases 
the cost influence of the path produced is enlarged. This is especially done to 
decrease the number of successful improvement steps by the operators for not losing 
the diversity. The author has noticed during the research that having only true 
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improvements via the improvement operator13, the algorithm is pushed to a local 
minimum and this leads to a drastic increase of mutation probabilities and lowers the 
speed of convergence14. The proposed operators are characterized by their 
successfulness ratio. It is counted by dividing the number of successful operator 
executions, i.e. the number of times when the operator terminates and the new 
solution found is better and the new genotype has a better fitness, by the total 
number of runs of the operator. 

 
a) 

 
b) 

Fig. 38. Examples of possible methods of loop removal in the proposed algorithm; a) Exact 
Loop Removing Operator, b) Rough Loop Removing Operator; legend:  – path, 

 – remaining part of the path (the previous and the next segment),  – new 
(added) segment(s),  – modified segments. 

Redundant movements include loops and it turns out that can be simplified to 
straight movements. For removing a loop two methods are proposed: 

– Exact Loops Removal (Fig. 38a), 
– Coarse Loop Removal (Fig. 38b). 

Loops are searched by calculating each straight segment equation on a plane 
and calculating nodes – the cross point for each segment with the remaining of 
segments. The Exact Loop Removal method detects a node of a loop, simplifies the 

                                                 
13 i.e. improvement in total specimen’s fitness value, and not only a part of (43). 
14 Note that even when the algorithm end up in the local minimum, the proposed memetic 

algorithm is self adapting and it will eventually find a way out of such a minimum, for 
instance by increasing the mutation rate. 
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loop to a single point and connects the previous segment (without the loop) with the 
node. After having removed the first loop, another loop is searched and the process 
repeats until all loops are removed. Such a movement is always possible when 
a genotype does not violate the Obstacle Encroach rule because the planned path 
proceeds along the same trajectory. The success rate of this operator15 is equal to 
100 %. On the other hand, the Coarse Loop Removal finds the beginning and 
endpoint of segments of the loop or consecutive loops and connects them if such 
a movement does not violate any rule. The success rate for this operator is equal to 
100 % only if no obstacle is present on the map, and the higher the density of 
obstacles, the lower the success rate. Nevertheless, path parts produced by the 
Rough Loop Removal operator are shorter and generally more cost effective when 
they do not violate any GPP rule. 

 
a) 

 
b) 

Fig. 39. Examples of possible methods of segments shortening in the proposed algorithm; 
a) Exact segment shortening with a specified factor ∆Ls refer to (33), b) Rough 
segment shortening; legend:  – path,  – remaining part of the path (the 
previous and the next segment),  – new (added) segment(s),  – modified 
segments,  – sampling points. 

Redundant moves can also be simplified by shortening which is similar to the 
loop removal, and can be in two forms: 

– Exact Segment Shortening (Fig. 39a), 
– Coarse Segment Shortening (Fig. 39b). 

                                                 
15 It is measured by the ratio of the number of loops that do not violate the planning rules 

which can be simplified with the operator by the total number of loops that do not violate 
the planning rule. 
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The Exact Segment Shortening searches for all segment endpoints. For each 
i-th endpoint it tries to find (i+2)-th endpoint that it can connect to without braking 
any planning rule. The time complexity of this operator is the same as that of the 
Coarse Loop Removal but the success rate does not equal 100 % and depends on the 
map content. The Exact Loop Removal samples each segment with a specified ∆Ls 
[Fig. 39d and (33)] frequency and checks whether there is a possible, non-violating 
connection with an endpoint of another further segment. ∆Ls is chosen by the 
successfulness ratio: starting with the value ∆Ls corresponding to 1/5 of the segment 
length for a new specimen. If the successfulness ratio exceeds the threshold of 25 %, 
it is increased to 1/4 of the segment length and if its value remains over 25 %, then it 
is increased more. On the contrary ∆Ls is decreased to 1/6 if success rate remains 
below 15 % and is decreased to 1/6, 1/7, 1/8 and this is continued until the state does 
not change. ∆Ls is characteristic to a particular specimen and is not inherited. 

The selection of a proper ∆Ls is a key issue for this operator because having 
a small ∆Ls leads to finding better shortenings but simultaneously a smaller ∆Ls 
implies that the algorithm has to perform more samplings, and even more – too 
small ∆Ls forces algorithm to choose a shortcut earlier which is less optimal in 
general because the Exact Shortening Operator is greedy. 

The Coarse Segment shortening seeks for a possible shortcut that does not 
violate any planning rule between the endpoints of segments and connects them. 
Note that in the case of successful ratio of the Exact Segment Shortening operator 
maintaining its level over 25 % for more than 5 generations, the functioning of the 
Exact Segment Shortening and Rough Segment Shortening operator is identical. 

 
 

 
Fig. 40. Examples of possible methods of violation repair; a) Exact Graph Repair, b) Coarse 

Graph Repair; legend:  – path,  – remaining part of the path (the 
previous and the next segment),  – new (added) segment(s),  – modified 
segments,  – violating part of path,  – beginning (BV) and end (EV) points of 
violation. 

a) 

b) 
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In addition to the improvement operators, other methods of a memetic type 
have been implemented in the proposed algorithm. If a segment or a group of 
segments encounter a violation of the Obstacle Encroach or Abrupt Hill, they can be 
repaired using a local graph. During the Practicability Analysis (see Step 3, Fig. 32) 
a graph is built. It is done by simply finding shapes of the vertices by comparing 
morphological elements of the 3 × 3, 4 × 4 and 5 × 5 size with the map and selecting 
those that match vertex patters. Next, a visibility between these elements is found 
taking into account the Obstacle Encroach and Hill Abrupt violation. Such a graph, 
similar to the Visibility Graph (Section 3.1.1) is then used for repairing the 
specimen’s genotype and is called a Repair Graph. The edges have weights that 
equal the distance plus a cost to mirror their future value in the fitness function (43). 
The violation repair is then made using two methods: 

– Exact Graph Repair (Fig. 40a), 
– Coarse Graph Repair (Fig. 40b). 

In Exact Graph Repair, vertices of Repair Graph are supplemented by two 
points: the point “just before” BV and the point “just after” EV

16. Then, the visibility 
of them is calculated with remaining vertices of the Repair Graph, and the Dijkstra 
Algorithm is used to find a traverse through the complete Repair Graph. If such 
a traverse exists, then a genotype of the specimen is updated.  

In the case of Coarse Graph Repair, points that complement the Repair 
Graph are the beginning point of the first segment containing the violation and the 
endpoint of last segment containing the violation. The probabilities of graph repair 
have the same values as for the mutation operators. In this work we do not analyze 
the efficiency of employing particular graph search technique, but rather we 
consider a benefit of combining memetic algorithm with local graph that is 
implemented as genotype repair operator. 

 

Fig. 41. Example of possible methods of violation path smoothness repair; legend:  – 
path,  – remaining part of the path (the previous and the next segment),  
– new (added) segment(s),  – the minimum turn circle,  – modified 
segments,  – sampling points. 

The Path Smoothness Violation is repaired by a type of insertion mutation. 

An AB segment between the first and last circle (Fig. 41b) of length dAB =  (Fig. 

41b) is divided into two on y = a1x + b1 and in point C a new tangent to the y = a1x + b1 

                                                 
16 Just before and just after refer to the direction of movement. 

a) b) 
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segment is drawn. If the new pair of segments, both tangent to the circle originating 
from , do not violate the smoothness rule, then they replace the old y = a2x + b2, 

otherwise AC  and CB  segments are divided into two of d/4 length producing 
points D and E. The new circles are drawn for D and E points and for each circle 
a pair of segments is checked if they violate the Obstacle Encroach rule. The process 
is repeated until a pair of segments is found. In practice the author limited the depth 
of the performed bisection to 5 producing the smallest possible segment of length 
d/32. If within 5 trials no valid segment pair can be found, then a violation is 
considered to be impossible to repair (refer to (42)) and such a violation increases 
the value of fs(s). 

The improvement operators are implemented in such a way that they work 
with some probabilities. po,r is the probability that a particular specimen will be 
repaired while po,r,s is the probability that a segment/loop within a chosen specimen 
will be improved. po,r should be kept low so that approximately only 5 % of the 
population is considered for improvement, while po,r,s should be as high as 0.617. No 
influence of both improvements on the population diversity has been noticed – there 
is also no empirical rationale for such a dependence. This is explained by the fact 
that the result of the operators, a improved genotype, is dependent on its previous, 
not improved form so that the improvement can be considered as a translational 
vector without specified coordinates in the S-space. These probabilities can be kept 
constant without back dependency of the population diversity on them. 

 
Fig. 42. a) Example of different Obstacle Encroach violations repaired with a similar segment 

combination, b) The risk of repairing the segment with the Exact Graph Repair 
operator; legend:  – path,  – remaining part of the path (the previous and 
the next segment),  – new (added) segment(s),  – modified segments,  – 
beginning (BV) and end (EV) points of violation. 

However, the Graph Repair Operators should be used in a more intelligent 
way. Fig. 42 shows a situation when different Obstacle Encroach violations are 
repaired in a very simmer manner. If more specimen encroach obstacle, the same 
obstacle Graph Repair would produce a segment sequence within the genotype that 
is non-violating and therefore possibly attractive, being able to build up dominating 
schema in the population. The situation becomes dangerous if a map contains very 

                                                 
17 These are values for generating population G0. 

a) b) 
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many obstacles which are similar in shape; such maps are common in highly 
urbanized terrains (Fig. 42b). This situation does not occur for the rough graph 
repair operator. 

 

Fig. 43. The proposed memetic algorithm for the GPP. The blue color corresponds to 
memetic extensions of the genetic algorithm – color intensity corresponds with 
higher or lower share of memetic part. Only two simultaneous populations are 
shown: the one generating G0 and the one first optimizing G1. 



Global Path Planning for Mobile Robots 

 73 

In the classic genetic algorithm the local search techniques are not employed 
for genotype repair. While using them there is an issue of how the repair result is 
included in the fitness function calculation. In practice there are two approaches: the 
Lamarckian Approach [183] and the Baldwin Approach [184], or a mix of the two. 
In general, the Lamarckianism claims that the genotype of a specimen after the local 
search is replaced by a new one – the one that was created by the local search. On 
the other hand, Baldwin says that the genotype should remain in its unaffected form 
but the specimen fitness should be updated. Hybrid methods update the fitness for 
all specimens after the local search but change the genotype only with some 
probability. As a result of many comparisons [151, 183, 185–187], the author’s 
experiments and the current trend to use the pure Lamarckianism or a hybrid 
solution, the Lamarckian approach is used in the proposed algorithm. 

In the figure shown below (Fig. 43) a detailed block diagram of the algorithm 
is depicted. The blue color indicates parts of algorithm in which the memetic 
approach was used. For the simplicity and ease of understanding the algorithm was 
drawn only partially: the development of two parallel populations is presented while 
the number of such populations is dynamically changing during the algorithm run. 
An unique property of the proposed algorithm is what will be called from now on 
a Parcellment of the population. This mechanism speeds up the convergence of the 
algorithm and brings a tool for specializing population properties for reaching 
different goals. This mechanism is biologically inspired by Specie Specialization 
that occurs in nature and increases and saves biodiversity. 

The population Parcellment is a process of forming a completely new 
population during the algorithm run when a highly valuable specimen sk is found 
within a current generation. Therefore, by finding a specimen sk for which φr(sk) = 0 
(refer to (9)) within population Gn that is highly valuable and unique18, a new 
population Gk is produced. Gk is a population concentrated around sk in terms of the 
S-space. It is formed by mutating specimen sk until μ – 1 unique specimens are 
found. These specimen together with sk create population Gk that from this moment 
on becomes parallel to all already formed populations. An algorithm processes then 
several populations simultaneously, and a group of these populations is called 
Biocenosis. Simultaneously, specimen sk, a master solution, belongs to the Master 
Group. The Master Group is a group of specimen around which new populations are 
formed: 

 ( )( )210 ,,, −= nkkk sssM   (51) 

n – the current number of different populations in Biocenosis. 
 
A solution sk that produces a new population has to be: 

– Highly Valuable specimen. Highly valuable equals to a condition of φr(sk) = 0 
meaning that this solution does not violate any planning rule. It also means 
that fs(sk) < 1 (part 4 of (43) equals 0). In terms of the Global Path Planning, 
to find such an sk means that there is a possible path that omits obstacles in 
a specific way which can be planned for the assumed model of the robot. 

                                                 
18 High value and uniqueness is defined later in the text. 
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From another perspective, the perspective of a search task – the problem of 
finding sk equals to the determination of a point in the S-space that is close to 
some local minimum and therefore we need to apply some optimization 
algorithm on sk to find that minimum. 

– Unique Specimen around all existing populations. Candidates for the Master 
Group M need to be unique and each candidate before it would imply that the 
population Parcellment should be checked for this uniqueness. A solution su 
is called unique if: 
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dth – is a threshold value that depends on the size of the map grain; for 
a proper cell decomposition (Section 1) it should be equal 50.0–
60.019, 

ds(Nsuj, Nskj) – the distance between two consecutive segment points of 
specimens under comparison, 

NTRIPLETS – the number of triplets (see Step 2 below). 

   

Fig. 44. a) A graphical representation of  −

=
+++=1

0 1110
TRIPLETSN

i i AAAA   – the distance 

between two specimen genotypes, b) A detailed drawing of LISTTRIPLET  calculation. 

The ds(su, sk) is equal to the area between two broken lines, specimen 
genotypes. A graphical representation of ds is shown in Fig. 44a. To speed up the 
calculation of the ds distance we develop a fast method that works as follows: 

                                                 
19 On some maps the Parcellment is impossible as, e.g., it may be impossible due to the map 

size and obstacles exceeding dth. 

a) b) 
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Step 1. Find all common points of the specimen’s su and sk genotype similar to 
finding points of a possible crossover (Pc1, Pc2 in Fig. 44b). For each pair of 
points Pc1, Pc2 find the endpoints PSu1, PSu2, PSk1 of the remaining segment 
and build two lists of points: VERTEXLIST = (Pc1, PSu1, PSu2, PSk1, Pc2). 

Step 2. Triplets of points are being found. For each point of VERTEXLIST check the 
visibility to every other point and if such a visibility exists, add it to 
VISIBILITYLIST = {(PSu2, Pc1), (PSu2, PSk1)}. The visibility cannot be added 
to the list if it crosses any segment of specimen su or sk or if it is already on 
VISIBILITYLIST. VISIBILITYLIST is recalculated to form TRIPLETLIST = 
{(PSu2, PSk1, Pc1, y = a2x + b2), (PSu2, PSk1, Pc2, y = a3x + b3)}. TRIPLETLIST 
count is always one more than a count of VISIBILITYLIST and if visibility 
list is empty (e.g. A11 in Fig. 44a). The points belonging to triplets form 
a triangle. The segments equations (Fig. 44b) are given a priori since they 
have to be calculated for crossover operator. 

Step 3. The areas A1, A2, A3 (Fig. 44b) of triangles formed by the triplet points are 
calculated using the equations like20: 
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Step 4. All areas of triangles are added and the expression  −

=
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i iA  is 

calculated. 

Because there are two types of populations within the algorithm, the 
population’s parameters in Biocenosis are optimized for two different tasks: (1) to 
find new solutions, and (2) to optimize the existing solutions. Population G0 called 
a generating population solution is responsible for searching for a new solutions 
while the remaining populations G1, G2, … aim at optimizing the Master Solution 
a basis of which they were created. The generation of the Master Solution can occur 
from any population in Biocenosis but due to a fact that the population formed 
around the Master Solution is concentrated around one point in a S-space, then the 
probability of creating a new, unique solution from a concentrated group is very 
low21, and therefore it can be assumed that the Parcellment occurs only from G0. If 
condition (52) is not met for a specimen belonging to and one of the Master 
Solutions from the Master Group M, specimen has to be deleted from that 
population. Because of a steady genetic drift between the current and next 
generation of G0, the probability of the Master’s schema Hk to occur in the next 
generation is high. The probability of the next Parcellment and creation of a new 
population would also be high. Keeping that in mind, the elimination of specimens 
of G0 close to the Master solutions is a must in order to avoid the population 
duplication. 

                                                 
20 One equation is given only for reference. 
21 Although such a mechanism of Parcellment of the optimizing population exists in the 

presented algorithm, it has never happen during the tests of the author’s algorithm. 
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a) b) 

c) d) 

e) f) 

Fig. 45. Example of the algorithm run22. 

In terms of search and optimization the algorithm of a mechanism of 
Parcellment within the Biocenosis can be depicted in the following way. The 

                                                 
22 The fitness landscape presented in this example is very simplified in order to show the 

order of phenomena occurring during algorithm run, therefore the search space is two 
dimensional (not true for the GPP problem), the fitness is a static function (not true for the 
GPP problem – refer to (43)), and the fitness coefficients are correspondingly equal to each 
other in different generations (not true for the GPP problem – refer to (43)). 
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primary population G0 tries to cover the S-space in a way that the diversity of 
population is kept high. If a non-violating solution (Master Solution) is found, a new 
group (new optimizing population) of candidate solution around the Master Solution 
is built to cover the small region in the S-space in order to find a local minimum that 
may be a global minimum. A new optimized population is specialized in 
optimization so that it will eventually improvement the Master Solution. 
Simultaneously, the G0 search for another Master Solution. The theoretical 
algorithm run seen from the perspective of the S-space is depicted in Fig. 45 which 
also contains a description of sequence of steps of population development. 

Using an intuitively appealing example, a generating population is a group of 
nomads going across the land (the S-space) and looking for water resources (a local 
optimum). If a water reservoir is found by one nomad (Master Solution), this nomad 
stays by the reservoir and because natural conditions are gentle in this area, he 
settles down, builds a village, reproduces and specializes in using resources of the 
reservoir (creates a new population and optimizes it). Simultaneously, all remaining 
nomads search for another reservoir but they keep the reservoirs found out of reach 
of the remaining nomads (G0 searches for another Master Solution). 

Figure 45 depicts a spread of populations in the proposed algorithm over the 
fitness landscape which is here some abstract two dimensional curve. Normally, its 
shape is not known, only the sampled values. a) The fitness landscape has six local 
minima drawn as blue/dark blue regions of the fitness landscape – an algorithm will 
try to find these minima, locally best solutions. b) A random population G0 is 
created – specimens are indicated as points (white X) on the fitness landscape. 
c) After some generations a master solution sk0 (red X) is found for which the fitness 
value remains below 1. d) A population G1 around sk0 is formed. Because the 
specimens belonging to G1 are mutated from sk0, the population is limited to some 
region of two dimensional search space. Simultaneously, another sk1 master solution 
is found and because it lies far away from sk0 ((52) is met), then it becomes a new 
master solution around which G2 population will be formed. e) If a new highly 
valuable specimen of G0 is found that is not unique, a new population is not created 
due to (52). f) After some generations all local fitness minima are found and the 
Biocenosis consists of five populations. G1, G2, G3, G4 are optimized until the 
convergence conditions are met (see Table 3). 

The generating and optimizing populations are specialized in terms of having 
population parameters adjusted to the function they are meant to fulfill. These 
parameters are gathered in the table below (Table 3). 

The power of the proposed approach is that the parameter values presented in 
Table 3 do not have to be exactly tuned to the map and because the algorithm is self-
adapting. The table shows an example set only, though this can be modified. The 
modification leads to a faster or slower convergence but any value around those 
presented in Table 3 will work for any path and any map. 

The example of specialization in the optimizing population over G0 are seen 
in the memetic properties of the presented algorithm: 

– Higher probabilities of the graph repair methods (po,r,CGR and po,r,EGR). 
– Higher probabilities of the improvement operators (po,i,ELR, po,i,CLR, po,i,ESS, 

po,i,CSS). 
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Table 3. A sample algorithm parameter values for the generating and optimizing population. 

Parameter Generating population G0 Optimizing Population 

Population size μ = 50 μ = 35 

Initial population  Random  Created as a mutation of the 
master solution  

Crossover methods  One point crossover with no point 
selection – blind  
(p0,c,b = 0.7) 
One point crossover with 
predefined points – intelligent 
(p0,c,i = 0.1)  
Uniform crossover (p0,c,u = 0.2) 

One point crossover with no point 
selection – blind (p0,c,b = 0.15)  
One point crossover with 
predefined points – intelligent  
(p0,c,i = 0.8)  
Uniform crossover (p0,c,u = 0.05) 

Crossover Schema  Two-on-best-one  Two-on-best-one  
Selection Schema  Simple Tournament Selection  

For the uniform crossover and 
blind one-point crossover,  
Specialized Tournament Selection 
for an intelligent crossover  

Simple tournament selection  
For the uniform crossover and 
blind one-point crossover,  
Specialized Tournament Selection 
for an intelligent crossover  

Initial number of Inserted 
Segments (Nm,i,s) 

5 2 

Mutation probabilities  po,m,s for co,m,s = 0.1, DGth,s = 1 
po,m,a for co,m,a = 0.3, DGth,a = 1 

po,m,s for co,m,s = 0.0, DGth,s = 0.5 
po,m,a for co,m,a = 0.0, DGth,a = 0.6 

Mutation schema  Insertion mutation/Deletion 
mutation (po,m,id),  
Lengthen/Shorten segment 
(po,m,id),  
Mirror Move mutation (po,m,mm)  
Applied with equal probability of 
(po,m,id = po,m,ls = po,m,mm = ⅓ within 
po,m,s and po,m,a)  

Insertion mutation/Deletion 
mutation po,m,id = 0.5,  
Lengthen/Shorten segment  
po,m,ls = 0.4,  
Mirror Move mutation  
(po,m,mm = 0.1),  
All probabilities within po,m,s and 
po,m,a  

Population model  Only the best survive  Only the best survive with elitism  
Starting ∆L 1/5 1/10 
Improvement methods  Coarse Loop Removal  

(po,i,CLR = 0.02), 
Coarse Segment Shortening  
po,i,CSS = 0.02 

Exact Loops Removal  
(po,i,ELR = 0.05) 
Coarse Loops Removal  
(po,i,CLR = 0.05)  
Exact Segment Shortening  
(po,i,ESS = 0.05)  
Coarse Segment Shortening 
(po,i,CSS = 0.05)  

Repair methods  Coarse Graph Repair  
(po,r,CGR = 0.01)  

Coarse Graph Repair  
(po,r,CGR = 0.03)  
Exact Graph Repair  
(po,r,EGR = 0.03) 

Convergence condition  All optimizing population reached 
their convergence condition  

Best specimen fitness over the last 
15 generation not decreased more 
than 3 %  

– A bigger variety of the improvement operators. 
– A more accurate sampling in the improvement methods (∆L). 
– Elitism employed in the survival selection that guarantees to maintain 

optimization within the minimum found by the master solution. 
– Lower blind mutation probabilities; this mechanism keeps the population 

within a specified region of the S-space around the master solution. 
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– A higher emphasis on an intelligent one-point crossover and a specialized 
tournament. 

– All populations can be implemented as separate threads, therefore we obtain 
several different regions of S-space (Fig. 45) being explored at one with the 
S-space coverage density depending on S-space region quality (in sense of 
fitness value). This brings out the possibility of hardware implementations of 
up to several thousand populations simultaneously. 

4.1.4. Numerical examples 
In this experiment the simplest version of the algorithm is used. We consider 
a holonomic point robot with no movement constraints. The HugeMazeMap is an 
artificial binary map: the white color corresponds to the traversable area, i.e. the 
corridor floor,  the black color represents the non-traversable regions,  i.e. the walls. 

 

Fig. 46. Comparison of answer solutions for the GPP problem calculated by the proposed 
algorithm; a)–e) partial results obtained by the proposed algorithm; f) the GPP 
problem solved by the visibility graph algorithm for a comparison with the calculated 
solution [shown in c)]. 

a) b) c) 

d) e) f) 
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Therefore, for the comparison of the specimen the violation vector (40), path length 
Ls(s), and segment number Ns(s) are used. There are at least 5 paths from the start to 
the destination point which lead to the creation of Biocenosis containing at least 5+1 
populations. 

During 106 generations 5 populations have been working in parallel while 
searching for the best path on the HugeMaze binary map. The summarization of 
progress in G1, G2, G3, G4, G5 is quoted in Table 4 while the phenotypes are shown 
in Fig. 46. 

Obviously generation G3 produced best solution due to shortest length whilst 
the path cost Cs is equal zero for all other solutions. For binary where path length is 
the only one optimization criteria it is proofed (see Section 3.1.1) gives an optimal 
solution. A visibility graph based on Fibonacci heaps has been implemented during 
this research for comparison with proposed method. The result of this is presented in 
Fig. 46f. Visibility graph produced a path that is 1385.01, i.e. path calculated by 
proposed algorithm is only 4 % worse in length than optimal solution. Please note 
that a significant part of answer given by proposed algorithm is very similar to the 
one calculated by visibility graph23 (Fig. 46, Table 4). 

Table 4. A summarization of the planned global path. The path length, the number of 
segments, and the fitness function values are compared. The cost for all paths is equal 
zero due to the fact that the selected map is binary. 

Population 
Generation 
of genesis 

Generation of 
convergence 

Number of 
generations

Ns(s0)/ 
progress24 

Ls(s0)/ 
progress 

f(s0) 

G1 2 50 48 8 /72 % 1731.64/83 % 0.09 
G2 20 87 67 118/78 % 1831.14/77 % 0.03 
G3 34 88 54 86/72 % 1446.95/83 % 0.07 
G4 35 101 66 101/14 % 1684.62/20 % 0.05 
G5 51 106 57 106 3252.25/8 % 0.02 

Visibility graph 
(Fibonnaci heaps)

NA25 NA NA 88/N 1385.01/NA NA 

In this case the calculated solution is not optimal as expected. Nevertheless, 
the algorithm shows a good performance, yielding a near optimal result, as proven 
by a comparison of path properties (Table 3) with the optimal visibility graph. 

By analyzing the fitness function values (Fig. 47) over time expressed in 
generations one can clearly see another interesting feature that distinguishes the 
proposed algorithm from a regular genetic algorithm. 

The theoretical shape of the average fitness in a regular genetic algorithm is 
a function similar in shape (cf. the dashed line in Fig. 47) to C1/t + C2 there C1, C2 
are some constants and t is the generation number. In the proposed algorithm such 
a shape will never take place. This is because of three mechanisms involved: 

                                                 
23 Fig. 46 and Table 4 present these solutions as nearly identical but analyzing the numerical 

values of intermediate points of the path, their results differ from each other. 
24 Progress is measured in percentage of the final finale value to the initial value. The smaller 

this number, the bigger progress has been made. 
25 These properties do not apply to the visibility graph. 
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– Parcellment of population. 
– Removal of specimens whose distance to one of master solutions is smaller 

than dth according to (52). 
– Dynamic fitness function. 

 

Fig. 47. Plot of the fitness function over generations in population G0. 

The Parcellment of population leads to the removal a highly valuable 
specimen from G0. This implies a situation when the fitness value of s0 increases to 
a number over 1. s0 in generation t + 1 is often specimen s1 from generation t. 
Simultaneusly, the average population fitness increases (refer to Fig. 47). Therefore, 
each time the Parcellment takes place, the average fitness of G0 increases. In this 
example such a situation took happens in generations 2, 20, 35, 35 and 51 (cf. the 
average fitness function plot in Fig. 47). 

The removal of specimens whose distance to one of the master solutions is 
smaller than dth is similar in their influence on the fitness function value but a new 
population is not created this time and only a highly valuable specimen is removed. 

A dynamic fitness function is the last reason for non-monotonic fitness 
functions. It is rather seen from the viewpoint of the average fitness value than the 
fitness of a single specimen. Each genetic algorithm based search guarantees not 
worse specimens in each next generation but only in the case when they are 
evaluated by the same fitness functions. Due to a specific construction of this 
function (43), the specimens have different fitness values depending on the current 
(average) situation in the population. Therefore. The fitness functions is not 
monotonic and can be different from population to population. The maximum 
difference between fitness function values of identical specimens belonging to 
different populations 
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 a)  

 b)  

 c)  

Fig. 48. The Warsaw map used in the computational experiment. Four cost levels are assumed 
and it is preferable for the robot to go along the streets (cost 0.1, 0.2) rather than 
through free space between buildings (cost 0.9); a) The source map downloaded from 
Google Maps; b) A raster map showing areas of an uniform cost. c) A 3D view of 
part of the map for the tilt angle calculation. 
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 ( ) ( ) μ<+−++ 11 ,1, tftf tsts  (54) 

( )Yf Xs ,  – average fitness in generation Y calculated with 
weighting/normalizing factors according to the X-th generation 
properties, 

μ – the number of specimens in the population. 
 
In the case of the proposed algorithm, the average fitness can have a higher 

value of 50. And even more: even though there is a progress in population at t + 1 
comparing to t, the average fitness value can increase due to changes in the 
weighting/normalizing coefficients of equation (43). 

Table 5. Comparison of the genetic algorithm with the proposed memetic algorithm. The 
differences are shown in bold. 

Parameter 
Generating population G0 

Proposed memetic algorithm GA 

Population size μ = 50 μ = 50 
Initial population  Random  Random 
Crossover methods  One point crossover with no point 

selection – blind (p0,c,b = 0.7) 
One point crossover with predefined 
points – intelligent (p0,c,i = 0.1)  
Uniform crossover (p0,c,u = 0.2) 

One point crossover with no 
point selection blind (p0,c,b = 1) 

Crossover Schema  Two-on-best-one  Two-on-best-one  
Selection Schema  Simple Tournament Selection  

For the uniform crossover and blind 
one-point crossover,  
Specialized Tournament Selection for 
an intelligent crossover  

Simple Tournament Selection 

Initial number of 
Inserted Segments (Nm,i,s) 

5 5 

Mutation probabilities  po,m,s for co,m,s = 0.1, DGth,s = 1 
po,m,a for co,m,a = 0.3, DGth,a = 1 

po,m,s for co,m,s = 0.1, DGth,s = 1 
po,m,a for co,m,a = 0.3, DGth,a = 1 

Mutation schema  Insertion mutation/Deletion mutation 
(po,m,id), 
Lengthen/Shorten segment (po,m,ls), 
Mirror Move mutation (po,m,mm)  
Applied with equal probability of 
(po,m,id = po,m,ls = po,m,mm = ⅓ within 
po,m,s and po,m,a)  

Insertion mutation/Deletion 
mutation (po,m,id), 
Lengthen/Shorten segment 
(po,m,ls) 
Mirror Move mutation (po,m,mm), 
Applied with equal probability 
of (po,m,id = po,m,ls = po,m,mm = ⅓ 
within po,m,s and po,m,a) 

Population model  Only the best survive  Only the best survive 
Starting ∆L 1/5 Not applicable 
Improvement methods  Coarse Loop Removal  

(po,i,CLR = 0.02), 
Coarse Segments’ shortening  
po,i,CSS = 0.02

Not applicable 

Repair methods  Coarse Graph Repair  
(po,r,CGR = 0.01)  

Not applicable 

Convergence condition  All optimizing population reached 
their convergence condition  

Best specimen fitness over the 
last 15 generation not decreased 
more than 3 %  
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 s0  

 s24  

 s49  
 

Specimen Ns Ls Violation count
|Vs| = w 

C(s) f(s) 

s0 29 3945.67 87 3319.62 87.08 
s24 517 62 486.61 1507 51 826.45 1507.26 
s49 993 119 347.96 2781 99 086.31 2783.41 

Fig. 49. First candidate solutions for the Warsaw Map. 
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Based on experience with the simple binary map one can analyze the 
algorithm run for more complicated cases: for the maps with non-binary cost. In this 
section the case of the Warsaw Map (Fig. 48) will be analyzed. During this research 
the performance of a pure genetic approach will be compared with the proposed 
algorithm with the memetic repair and upgrade operators showing which advantage 
the memetic operators present over the conventional genetic ones. 

A genetic algorithm differs from the proposed memetic algorithm (Table 3) 
by its structure and underlying properties. The main difference is the lack of 
a population parcellment mechanism meaning that all specimens develop within the 
same population. The comparison of properties of the proposed memetic algorithm 
and genetic algorithm is depicted in Table 5. The whole development in the genetic 
algorithm is done in one population and therefore one cannot compare the properties 
of the optimizing population of the memetic algorithm with the population of the 
genetic algorithm. 

Therefore, we have other types of planning rules which can be violated. The 
importance factors have been set to iL = 0.03, iC = 0.95, io = 0.02 and to favor low 
cost path over shorter ones. 

The algorithm starts with a randomly generated population (Fig. 49). Not 
only the obstacle encroach violations are counted here but also a hill abrupt violation 
and a path smoothness violation. In fact, the hill abrupt violation appears for this 
map appear only when an obstacle encroach violation occurs, because there is no 
difference in height for cost areas smaller than 126. 

The first master solution appears in generation 8 and the parcellment occurs. 
G0 establishes desired features of the phenotype by lowering the average number of 
segments. In the case of the Warsaw Map this process is approximately twice as fast 
(in generations) as in the case of a binary map. It is caused by counting violations 
twice: the obstacle encroach always occurs simultaneously with the hill abrupt and 
the fitness distance between non-violating and violating specimens is double than 
that in the case of the binary map. 

The crossover operator (both the intelligent and blind) has a desire feature of 
a path smoothness preservation. Therefore, if a chromosome does not violate the 
path smoothness planning rule, any offspring created based on such a specimen will 
inherit these non-violating alleles. Crossover that does not preservers the sequences 
of allele (e.g. the uniform crossover) will not have this feature. The obstacle 
encroach and hill abrupt have this useful property concerning the crossover only 
partially for the alleles inherited from one parent for the blind operator while the 
intelligent crossover minimizes the number of obstacle encroach and hill abrupt 
violations and produces the best possible offspring. Nevertheless, because the blind 
crossover dominates in G0, the specimens of a low fitness value can produce 
offspring violating the obstacle encroach and hill abrupt much more often than 
parents themselves but the number of path smoothness violation remains steady. On 
the other hand, the inheritance of path smoothness features means also that if 
a specimen violates this rule between some alleles, then its offspring inheriting that 
part of the chromosome will also violate the rule. A mechanism of offspring 

                                                 
26 Cost equal 1 is considered as an obstacle. 
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selection two-on-best-one is the only one non-memetic way to improvement the path 
smoothness. 

Because the biocenosis development was described in detail in the previous 
section, here only a summary of the biocenosis development will be given with the 
memetic operators employed (Table 6). For the Warsaw map the memetic algorithm 
converges after 175 generations producing a path of length 1358.50 and cost 268.64. 
The total calculation time equals 1 hour 24 minutes and 32 seconds27. 

Table 6. Results of the memetic algorithm for the Warsaw map and particular generations. 

Parcellment/ 
End 

generation 
Master solution sk 

Population 
memetic 

operators usage 
Optimizing population answer 

solution 

G1 

13/120 

Ns Ls C(s) f(s) 
792 15024.3 3196.36 0.97 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 190 
ELR 150 
CSS 295 
ESS 187 
CGR 95 
EGR 115 

 

 

Ns Ls C(s) f(s) 
28 2121.03 293.0 0.16 

G2 

19/121 

Ns Ls C(s) f(s) 
221 5303.24 1524 0.43 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 184 
ELR 178 
CSS 179 
ESS 159 
CGR 100 
EGR 102 

 

 

Ns Ls C(s) f(s) 
21 1368.50 268.64 0.11 

G3 

36/136 

Ns Ls C(s) f(s) 
202 4224.67 968.12 0.34 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 172 
ELR 172 
CSS 169 
ESS 195 
CGR 110 
EGR 94 

 

 

Ns Ls C(s) f(s) 
34 1650.78 307.80 0.13 

                                                 
27 Most time (around 80 %) is consumed on files write/read from hard drive for data post 

processing. 
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G4 

36/160 

Ns Ls C(s) f(s) 
163 4239.4 906.91 0.34 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 230 
ELR 235 
CSS 216 
ESS 210 
CGR 129 
EGR 115 

 

 

Ns Ls C(s) f(s) 
32 1921.99 359.52 0.15 

G5 

65/145 

Ns Ls C(s) f(s) 
159 3898.40 845.45 0.31 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 130 
ELR 125 
CSS 143 
ESS 144 
CGR 80 
EGR 82 

 

 

Ns Ls C(s) f(s) 
29 1548.25 293.68 0.12 

G6 

105/175 

Ns Ls C(s) f(s) 
81 1686.71 273.01 0.63 

 

  
Opera-

tor 
No of  

occurr-
ences 

CLR 105 
ELR 109 
CSS 112 
ESS 129 
CGR 63 
EGR 73 

 

 

Ns Ls C(s) f(s) 
19 1530.42 220.72 0.61 

 

The genetic algorithm with properties described in Table 5 was run. Because 
of the absence of memetic operators including a specialized tournament, intelligent 
crossover, improvement and repair methods, the first non-violating solution is found 
within 1134 generations. Since the algorithm tries to reduce the number of violations 
as in the first order, then – due to specific construction of the fitness function – it 
minimizes the number of segments in the population. For the Warsaw map it is 
impossible to find a path that violates the obstacle encroach planning rule without 15 
segments28 and the minimization of the number of segments below this number 
makes it impossible to find a non-violating path. Therefore, the probability of 
finding a valid path by crossover is very low and the insertion mutation plays in this 
case an important role because it delivers specimens with a higher number of 
segments. A mechanism of adapting the number of segments for the classic genetic 
approach is dangerous for the algorithm convergence because of one more reason. 
Namely, since a desired number of segments is calculated each time, the crossover 

                                                 
28 It can be analyzed that the minimum number of „turns” that robot has to perform during 

movement is 14. 
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takes place and the average number of segments is getting lower over generations, 
then the diversity also diminishes putting the algorithm in local minima. Even if the 
population of a genetic approach consists of groups containing specimens of 
different local minima, it is highly unlikely that specimens of different local minima 
produce a high valuable offspring if mated. It is not a problem of the genetic 
algorithm itself but rather due to the representation type (the displacement vectors). 

 
Ns(s) w Ls(s) C(s) f(s) 
11 49 1911.62 1264.52 49.03 

a) generation 0

 
Ns(s) Ls(s) C(s) f(s) 
792 15024.39 3196.36 0.95 

b) generation 1134

 
Ns(s) Ls(s) C(s) f(s) 
122 3664.56 729.85 0.29 

c) generation 1500

 
Ns(s) Ls(s) C(s) f(s) 
97 3036.92 588.70 0.24 

d) generation 1750

 
Ns(s) Ls(s) C(s) f(s) 
55 2516.35 404.08 0.19 

e) generation 2250

 
Ns(s) Ls(s) C(s) f(s) 
50 2437.16 395.70 0.18 

f) generation 2400
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Fig. 50. The s0 specimen over generations for the genetic algorithm; a–f for the selected 

generations; g) the average fitness curve for the genetic algorithm over the 
generations. Note a characteristic point in generation 1134 when the first non-
violating specimen is found. 

Apart from the representation issues, the ordinary genetic algorithm based 
approach will suffer from the mentioned drawbacks resulting in: 

– Producing too low a number of different paths.  
– Lower convergence due to lack of upgrade and repair methods and not 

specialized population. 
– Easier convergence to local minima than in the case of more complicated 

maps may lead to not finding violation-free paths29. 

In fact, by comparing the calculation time for one generation of identical 
populations for the proposed memetic algorithm and the conventional genetic 
algorithm, the calculation time for the latter can be smaller up to 2 times. This is 
because of a high computational cost of the memetic operators. Clearly, this is, and 
will be less and less relevant due to a rapid increase of computational performance 
of present and future computers. 

After 1134 generation the first non-violating candidate solution is found by 
the genetic algorithm. The average number of segments in this population is 45 and 
a non-violating specimen is built up of 792 segments. The path length is far away 
from the optimum. 

Once a non-violating specimen is found, it starts to dominate over the 
population and the diversity starts to drop down. If during this period another unique 
non-violating specimen is not found, the schema of the previously found specimen 
will take over and the algorithm will converge to a local minimum. Analyzing the 
fitness plot over generations, one can see that it takes a form of a typical COP 
fitness curve. When a specimen that meets all problem constraints (planning rules) is 
found its schema is taking the population over and the population converges to one 

                                                 
29 During this research the genetic algorithm was run on the HugeMaze map and did not find 

any violation free paths over 10000 generations. 

g) 
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minimum. The assenting character of the curve after 1134 generation comes from 
the fact that the coefficients of (43) change over generations. The faster the 
convergence to this local minimum the more ascending the curve becomes. It took 
2400 generation for the genetic algorithm to converge which is nearly 14 times 
longer in the number of generations and over 9 times in the total calculation time. 

To summarize the performance comparison of the genetic algorithm to the 
proposed memetic algorithm for the GPP problem, several facts have to be 
underlined: 

– The proposed memetic algorithm finds several unique paths for one map. The 
uniqueness is defined as a distance function (52) and only as a simple 
comparison. Thanks to this, during the same time the calculation can be 
carried out fully in parallel. 

– The proposed memetic algorithm does not converge to one local minimum 
only but rather samples the S-space and seeks for solutions laying near local 
minima fully in parallel. 

– The convergence of each population is faster than in the case of the regular 
genetic algorithm thanks to the memetic operators. 

– The proposed memetic algorithm produces better quality results in general 
because it continuously samples the S-space and the probability for attaining 
a near – global minimum solution is therefore higher. 

– The complexity of the memetic algorithm is higher because of specialized 
operators. However, one should take into account that the computational time 
requirements do not grow by orders of magnitude and therefore an additional 
computational time can well be accommodated by an already high, and 
constantly growing performance of modern computers. 

– The proposed memetic algorithm produces near optimal solutions well 
comparable to those obtained by the traditional visibility graph or A* 
algorithms. 

The last numerical example is a comparison of results obtained using the 
proposed memetic algorithm and the well-known A* and Theta* algorithms. A* is 
the most commonly used algorithm for the path planning. During this test the A* 
algorithm searches for a path for a point holonomic robot while the memetic 
algorithm finds a path for the particular (nonholonomic) IBIS robot. It is an issue 
that the compared paths are for different robot models because of a proper 
decomposition cell size, and in general one cannot find path for specific platform of 
the same cost that for holonomic point robot. 

The map is covering a region of 1002 m × 869 m with the decomposition of 
1 m2 giving 870 738 possible configurations for the A*. This number is also the 
maximum number of visited cells and therefore the maximum number of algorithm 
iterations. 

In this research the full 8-point cell neighborhood was used together with the 
Euclidean metrics as the basis of heuristic. This configuration is the most proper for 
a point robot and, combined with the Euclidean distance as a heuristic function, give 
best results. 

During its run the memetic algorithm produced 7 optimizing populations and 
the last optimizing population G7 converged in generation 221. The whole 
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computation process took 1 hours and 13 minutes and during the computation the 
memetic operators were called 889 times. The total number of populations was 8 
and is limited by the algorithm itself due to its implementation limitations. 

 

Fig. 51. The MarsMap used for a performance comparison of the proposed memetic 
algorithm and the A* algorithm; a) Source map b) Cost map. 

A curious feature of the memetic algorithm is that the lowest cost does not 
mirror the best path between generations. Comparing G7 and G3 solutions (Table 7), 
one can see that even though G7 produced a longer path of a higher cost, its best 
specimen s0 has a better fitness value fs. This fact is caused by the average 
phenotypic distance of specimens within the particular population. The smaller this 
number the higher the fitness value of the best specimen though, due to violation 
treatment it will not exceed 1. Therefore, a specialized population in which most 
specimen lay very near a local minimum will have its best specimen having the 
fitness of value close to 1. 

Table 7. A comparison of results for The Mars map of the proposed memetic algorithm, A* 
and Theta*. 

Generation 
Start 

generation
End 

generation
Visited 
nodes 

Ns Cs Ls fs 
Calculation 

time 
[min:sec] 

G1 5 178 1 038 000 9 199.11 1014.74 0.68 45:13 

G2 17 157 2 401 023 11 243.83 9774.12 0.68 37:54 

G3 25 140 2 300 497 8 193.27 1040.16 0.69 29:50 

G4 29 190 2 898 091 55 340.17 1316.20 0.93 43:23 

G5 30 203 4 152 001 61 405.45 1336.80 0.97 50:20 

G6 31 198 2 104 249 38 282.24 1365.66 0.92 48:11 

G7 45 221 2 217 678 20 219.15 1229.47 0.61 47:20 

A* NA NA 139 194 768 193.09 1006.11 NA 01:34 

Theta* NA NA 2 143 526 14 226.8 975.83 NA  03:01 

a) b) 
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As it was expected, the memetic algorithm results are slightly worse than the 
A* results i.e. optimal cost path. The total calculation time is over 48 times longer 
than in the case of A* but by comparing the cost (Cs) of the path and its length Ls the 
results differ from each other 3.3 % in length and 0.9 % in cost. The quality of the 
results are therefore highly comparable. Keeping in mind that A* produces cost-
optimal solutions, the proposed memetic algorithm has found a very high quality 
path. A* produces a sequence of neighboring cells on the decomposed maps and 
therefore the number of points to visit is high and equal 768. From a practical point 
of view, the number of intermediate path points should be minimized, and the points 
should be kept apart in distance. This is because each path execution is connected 
with the localization process and due to a position dilation, there is a change of the 
distance to a desired intermediate point which fluctuates in time. 

Simultaneously, it changes the desired azimuth, i.e. the azimuth towards the 
intermediate point also changes. It is meaningless in the case of holonomic mobile 
robots but fluctuation of the desired azimuth, for instance for the IBIS robot, can 
cause an oscillatory movement which is dramatically increasing battery energy 
consumption. The A* algorithm calculates paths for the holonomic point robot and 
therefore a length related optimal path for a point robot and length related optimal 
path for the IBIS robot differ from each other because the planning rules differ. In 
general, the higher the cell decomposition resolution of the map, the more these 
paths will differ. 

An extension of A*, the Theta* algorithm, produces on the other hand length 
related optimal solutions but some visibility shortcuts that it exhibits does not take 
into account the path cost. Therefore, a path calculated by this algorithm is much 
shorter, in our case 975.83 compared to 1006.11 of A* and 1040.16 of the memetic 
algorithm, but simultaneously the cost increases from 193.27 to 226.87, which is 
worse than proposed memetic algorithm The calculation time also rises due to the 
visibility calculation. For the worst case, the Theta* needs to perform the visibility 
calculation 
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n – the number of intermediate nodes for A*. 

The paths produced by the memetic algorithm, and using the A* and Theta* 
algorithms are presented in Fig. 52. 

By comparing one of the most popular GPP algorithm, A*, with the proposed 
memetic algorithm several facts have to be emphasized. A* and its modifications are 
well-known methods developed and tested on many maps. Their popularity can be 
explained by the fact that these algorithm are relatively easy to understand and 
implement. They produce complete and optimal solutions, but the optimality comes 
from one-criterion optimization. One the other hand, the memetic algorithm – as any 
other heuristic method – does not guarantee to find any solution at all but in general 
it performs well. The possibility of multi-criteria optimization gives it more 
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flexibility in defining priorities of a desired path but the implementation is far more 
complicated. 

 

a) s0 of G1, generation 178   b) s0 of G2, generation 157 

 

c) s0 of G3, generation 140   d) s0 of G4, generation 190 

 

e) s0 of G5, generation 203   f) s0 of G6, generation 198 
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g) s0 of G7, generation 221   h) A* solution 

 

i) Theta* solution 

Fig. 52. A comparison of solutions of the GPP for the Mars Map by using the proposed 
memetic algorithm a)–g) with those using A* h) and Theta* i) 

A* produces paths that are not smooth and therefore another operator has to 
be used to make it smoother. Depending on the choice of cell neighborhood and 
admissible heuristic (c.f. 3.3.5) calculation, the number of visited cell can differ up 
to 2 times. The path is calculated for a point robot or for a circle robot when the map 
is dilated. More complicated robot models are difficult to implement as the 
transition function between cells have to be defined in advance. This would need an 
extension of the C-space and therefore would exponentially increase the time 
complexity of the algorithm – cf. Section 2.4. Main advantages and disadvantages of 
the proposed memetic algorithm and A* have been summarized in Table 8. 

It can also be interesting to point out some other differences between A* and 
the memetic algorithm proposed which have been found in numerical experiments 
during this research. They can be summarized as follows: 

– For densely cluttered environments, the performance of A* is much higher, 
because the unit step in this algorithm is in the neighboring eight cells. On the 
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other hand, the memetic algorithm has to adapt the length of segments to the 
environment starting with random lengths and optimizing it over generations. 

– For environments of a lower obstacle density or when intermediate points can 
lay far away from each other, the memetic algorithm can be computationally 
as fast as A*. In large maps the memetic algorithm performs better because it 
adapts the segments lengths to particular situations and single move 
(segment) iteration step far exceeds the cell iteration step. 

– Because no robot model is included in A*, there may occur situations in 
which an algorithm finds a path that cannot be executed (see Fig. 46). Such 
a drawback lead to the situation when a mobile robot needs to replant the 
path while getting to a dead end (the yellow circle in Fig. 46). 

Table 8. A summary of advantages and disadvantages of the proposed memetic algorithm, A* 
and Theta* in the GPP task. 

Algorithm Advantages Disadvantages 
A* Low complication, low complexity, fast 

calculations  
Well-known, tested  
Optimal and complete 

Produces not smooth paths  
Does not take into account the robot 
model – the planed path is for 
a holonomic point robot  
Only serial implementation is 
possible 
No multi-criteria optimization 
Produces a lot of intermediate points  
Only one path at a time and a serial 
implementation is possible 

Theta* Low complication, low complexity, fast 
calculations  
Well-known, tested  
Optimal and complete  
Small number of intermediate points 

Produces non-smooth paths  
Does not take into account the robot 
model – planed path is for the 
holonomic point robot  
Only serial implementation in 
possible  
No multi-criteria optimization  
Produces a lot of intermediate points  
Only one path at a time and a serial 
implementation is possible 

Memetic 
algorithm 

Several different paths are calculated at once 
Possible to include various robot models  
Easy definition of define path planning 
criteria  
Easy implementation of different map layers 
mirroring terrain features that need to be 
included in the GPP  
Possible hardware implementation for 
several hundred different populations in 
Biocenosis using the GPU  
Self-adapting to terrain features – possible 
positive behavior on dynamic maps  
Algorithm is complete 

Complicated implementation  
Long calculation time  
Finds suboptimal solutions 

4.2. Ant Colony Optimization based algorithms 
Another meta-heuristic that has been used for the Global Path Planning Problem is 
the Ant Colony Optimization (ACO) [188]. Initially this approach was used for 
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finding paths through graphs [189, 190]. The idea is inspired by the way how ants 
explore the terrain to find food resources. Individually, each ant has poor cognitive 
abilities but collectively they are able to solve the problem of finding the shortest 
path from the nest to the food source and back. 

   
a)     b) 

   
c)     d) 

   
e)     f) 

 
Fig. 53. An example of GPP using the ant colony optimization based method; a) at the 

beginning the movement is random b) the first solution is found c) another solutions 
are found d) the path at the bottom has the strongest pheromone (indicated by the 
bold pheromone line) e) a new obstacle occurs (the red rectangle) on the way and the 
ants loose the previous path and start to search for a way around f) new paths are 
found and the “best” is chosen. 

Initially, all ants are walking randomly leaving vaporizing substance called 
a pheromone on their way (Fig. 53a). The stronger the pheromone is the higher the 
probability for a next ant to choose a path with that substance but over time the 
pheromone clearly disappears. If the ant finds a shorter route that the existing one, 
the pheromone attracts other ants that follow that shorter route and leave more 
pheromone on it (Fig. 53b). The more ants choose the new path the faster the 
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pheromone from the old path evaporates leading the old path to be less attractive for 
other ants (Fig. 53c). The process is run consecutively so that the path is updated 
subsequently and the algorithm reacts to dynamically changing environment (Fig. 
53e and Fig. 53f). 

The ant colony optimization methods works on the basis of the principle 
called stigmergy, i.e. an information between the ants is exchanged using the 
environment by depositing the pheromone. The convergence of the algorithm 
depends on several factors including the number of solutions (agents) occurring 
concurrently, pheromone deposit and update methods, selection of a random walk, 
etc. As every meta-heuristic the ant colony optimization methods were used in 
different variations for a wide variety of search and optimization problems including 
scheduling [191, 192], vehicle routing [193, 194], assignment and set tasking [195, 
196], etc. 

Most of approaches presented in the literature discretize the map and 
calculate the graph connectivity, and such a graph is searched by an Ant Colony 
Optimization method. Generally, in most methods [197], the map is divided into 
three regions: near-nest region, non-smell region, and smell region. It is assumed 
that food (a goal of the path plan) has a smell that attracts the ants but they can sense 
it in a limited area of the map. The smell area is constructed as a visibility graph 
from the food to any graph vertex. The near nest area is a circle around the nest of 
a specified radius so that there is no obstacle in this area and the ants can move 
freely. 

For simplicity the ants move only in the directions from the nest to the food 
not moving back (Fig. 54b) and the probability of moving from vertex i to vertex j is 
equal to: 
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Jk(t) – directions 0, 1, 2 (Fig. 54b), 
τij – a heuristic factor denoting the anticipated degree that ants move 

from grid i to j to the next grid, 
A – importance of the pheromone, 
M – number of ants, 

k
jiτΔ  – quantity of pheromone of k-th ant from i to j vertex, 
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Ck – length of the tour Tk, 
Tk – tour made by k-th ant, 
ρ – a pheromone vaporizing factor. 
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The pheromone is updated according to (57), whilst the pheromone 
evaporates with a rate controlled by: 

( ) ( ) ( )tt jiji ,, 11 τρτ −=+  10 ≤< ρ  (59) 

The parameter ρ is used to control evaporating rate. 

Therefore, the higher the pheromone value ηij(t) is the bigger the probability 

pij(t) of an ant to take the direction towards the cell but over time if  =
Δm

k

k
ji0

τ  

equals 0, then no ant will follow this direction and the pheromone will start to 
evaporate according to the ρ factor. 

     
a)      b) 

Fig. 54. Path division to Lpath0, Lpath1, Lpath2. 

The most popular variants of the ant colony optimization based path planning 
studied in the literature are: 

– Elitist ant system [198, 199] – where the current best solution deposits its 
pheromone more frequent (typically at each algorithm iteration). This 
strengthens the best ant solution and increases the convergence. 

– Max-Min ant system (MMAS) [200, 201] – the pheromone deposits are in the 
range of [Tmin, Tmax] and only the best ant is allowed to leave the pheromone. 
The pheromone values are updated according to the best route length in each 
iteration. The initial pheromone values are set to Tmax and the evaporation 
speed is limited which leads to a better exploration of the environment. If 
stagnation occurs [166], all pheromone values are reinitialized. 

– Rank-based ant system [202] in which the ants deposit the pheromone 
according to their rank within the colony. The rank is based on the path 
length and only best ants, and the ants which have found a best path so far, 
depose the pheromone that is updated according to: 
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bs
jiτΔ  – refers to the best path’s ant pheromone deposition. 
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– Continuous orthogonal ant colony [203] – in this approach a solution is 
searched collaboratively. Each ant lands in the region with a probability 
proportional to the pheromone already deposited in order to search for a 
better point within the specified radius; the radius is not constant during the 
execution of the algorithm but is continuously updated according to a 
prevailing search status. After each ant finishes the search, the “desirability” 
of the region is revaluated and the elitist strategy is implemented to retain the 
best one. 

 

 

Fig. 55. Improved Ant Colony Optimization for a Global Path Planning [206]; a) The 
flowchart of IACO. Blue rectangles show improvements over classical ACO. b) Two 
point path crossover for two paths (red and green) found by ACO c) Resulting path 
from two point crossover operator path colors are kept constant for readability. 

Number of further improvements of traditional ACO have been proposed for 
solving GPP problem. Most of them concern combining with the actual situation of 

a) c) 

b) 
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the robot to find a feasible region, selecting proper method of pheromone deposition, 
evaporation and memorizing that improves the stability of an algorithm [204]. In 
[205] authors exchanged a way of ant moving rule from a heuristic distance of (56) 
and (57) to a potential field method. Additionally the initial pheromone, not present 
in traditional ACO was deposited also according to potential field whilst the varying 
control parameter have been added to converge into the optimal solution after 
a preset number of iterations has been reached. Another improvement presented in 
[206] introduced an element called a path crossover (Fig. 55). 

Since Ant Colony Optimization for a Global Path Planning methods 
generally suffer from slow convergence a set of methods of intensifying pheromone 
have been elaborated [207]. This adjustment of pheromone in already found trait 
depends on the quality of the path: the shorter the path is the higher the 
amplification of pheromone on this path is applied. In addition, if a trait has 
visibility point that would shorten the path such operation is performed (Fig. 56c). 
This approach corresponds with an improvement which Theta* is over A* algorithm 
(see section 3.3.5). Another fact is that as every global optimization algorithms there 
is always a trade-off between exploration and exploitation. Ants handle searching 
the path in the close proximity of the nest well, but they get hindered when 
approaching to the food. The pheromone accumulates over time and there is a strong 
tendency for new ants to follow the path that is found by a first one. To overcome 
this authors of [208] propose Bilateral Cooperative Exploration mechanism in 
addition to Modified Transition Probability Function and Modifier Pheromone 
Update Rate. The underlying idea is to change the goal point into the starting point 
and vice versa. This result in better exploration of food area. The results obtained by 
these operators have been gathered for a better view in Table 9 below, a similar 
approach of bidirectional Ant Colony Algorithms is presented in [209]. 

Table 9. A comparison of three Operators improving ACO for GPP which its scheme and 
effect on calculated path. cited after Lee et all [208]. 

Operator Scheme Effect 
Modified Transition Probability 
Function (TPF) 

Factor Normalization Instinctive parameter selection 
Modified Visibility Field 
(MVF) 

Reduce computation time, 
Considerable robot size 

Added Angle Factor Straight-line path, Reduce 
computation time 

Modified Pheromone Update 
Rule (PUR) 

Unfixed Number of Ants in 
epoch 

Fast convergence 

Limited Pheromone 
Quantity of each cell 

Path diversity and exploration 

Path Crossover (PC) Fast convergence 
Additional path without search 

Modified Pheromone Trail 
Value 

Normalization 
Instinctive parameter selection 

Heterogeneous Ants Ants of Various Species Reduce computation time 
Straight-line path 

Sight Expansion Principle Straight-line path 
Support PC 

Interpolation of Pheromone 
Trail 

Support PC 
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In order to speed-up calculations a parallel approach to ACO for the GPP 
have been proposed, namely a Multi Ant Colony [210]. This allows other colonies to 
profit from solutions found by a partial colony and also to search in different regions 
around the nest as pheromone matrixes are different for particular colony. Basically 
literature distinguish two types of multicolumn approach: heterogeneous and 
homogenous [211, 212]. Heterogeneous approach bases on several colonies of 
which ants differ in behavior: the algorithm have different set of parameters, whilst 
for homogenous colonies ants show similar behavior and information is exchanged 
every n-th generation. For a GPP problem mainly a homogenous approach is used 
[210] and exchanging information consists in exchange of single solution: globally 
best one, circular exchange of locally best solution and circular exchange of 
migrants. This methods correspond with co-evolutionary models such as island 
model [213]. In [214] authors propose multi-colony approach where colonies 
compete with each other. when every colony finds a trait best paths from each are 
compared with each other in sense of length and each colony receives a score 
according o their result: it is rewarded if found path is the best or penalized if not. 
The colony that has highest ranking keeps its pheromone traits whilst remaining 
colonies need to change their pheromone indexes according to an expression (61). 

 ( )alojihijiloji −+← 1,,, τττ  (61) 

τi,j hi – pheromone value for a colony of the highest ranking, 
τi,j lo – pheromone value for a colony of the lowest ranking, 
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parameter depending on the ratio of pheromone for cell (i, j) of 
lowest to highest ranked colonies. 

Another way to improve GPP search by ACO is to use the dynamic 
partitioning and a heuristic function involved in angle. Expression of (56), regularly 
having a distance extension (63) is changed into (62) with ηij(t) of (64): 
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ε – relatively small number to prevent θi, j + ε of (64) not equal to 0, 

1,1 −− ijin  – ants current location node, 

1,1
*

++ ijin  – optimal node at the (i + 1)-th node on the line. 
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a)      b) 

    
c)      d) 

e)   

Fig. 56. Some examples of path planning using the ant colony optimization. Note that the 
final paths of algorithms are close to the results obtained by using the visibility 
diagrams: a [197], b [198], c [214], d [217], e[214]. 
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Therefore the smaller the angle (64) to be the higher probability that this path 
is chosen. Therefore paths towards the goal are preferred and searched first of all. 

Garro [215, 216] suggests to use the evolving ant colony system ACO-GA 
where the number of ants and other parameters of the colony change over time due 
to a genetic algorithm. 

Examples of results obtained by the ant colony optimization path planning 
are shown in Fig. 56. 

4.3. Particle swarm based optimization GPP 
A particle swarm optimization introduced by Kennedy and Eberhart [218] is another 
metaheuristic widely employed to solve GPP. It is a population based approach for 
which an algorithm operates on a group of candidate solution. Each solution is 
called a particle whilst a population of solutions is a swarm. During algorithm run 
particles move their position on a search space remembering their own best position 
and the best position of a swarm. The position in the next iteration of an algorithm 
depends on these two. Basically two parameters controls a next position of 
a particle: its current position and the velocity which depends on best particle’s 
position and best position in the swarm. A pseudo code for this method is shown in 
figure below. 

 
I. For each particle i = 1, ..., S do: 

1. Initialize the particle's position with a uniformly 
distributed random vector: xi ~ U(blo, bup), where blo 
and bup are the lower and upper boundaries of the 
search-space. 

2. Initialize the particle's best known position to its 
initial position: pi ← xi 

3. If (f(pi) < f(g)) update the swarm's best known 
position: g ← pi 

4. Initialize the particle's velocity: 
vi ~ U(-|bup-blo|, |bup-blo|) 

 
II. Until a termination criterion is met (e.g. number of 

iterations performed, or a solution with adequate objective 
function value is found), repeat: 
1. For each particle i = 1, ..., S do: 

– For each dimension d = 1, ..., n do: 
• Pick random numbers: rp, rg ~ U(0,1) 
• Update the particle's velocity: 

vi,d ← ω vi,d + φp rp(pi,d-xi,d) + φg rg(gd-xi,d) 
• Update the particle's position: 

xi ← xi + vi 
2. If (f(xi) < f(pi)) do: 

– Update the particle's best known position: pi ← xi 
– If (f(pi) < f(g)) update the swarm's best known 
position: g ← pi 

 

Fig. 57. A pseudo code for simple Particle Swarm Optimization 
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PSO have as for instance genetic algorithm both type of operators: unary and 
ternary. An Unary operator changes the velocity of the particle based on its best 
position, while ternary is included in velocity change based on swarm best position 
which makes it a useful utility in path planning. 

PSO is often used as an optimization method rather than a search one. In 
[219] path planning algorithm finds Ferguson Splines [220] and considered path 
planning algorithm is equivalent to optimizing parameters of Ferguson Splines. 

Basically spline connecting point P0 and P1 with the tangent vectors 0P


 and 1P


 is 

described as following [221]: 
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It is therefore a polynomial spline. Vectors 0P


 and 1P


 are calculated from 

substitution of derivation of (67). A path in [220] is a vector of consecutive splines: 
first spline’s end point is equal to second spline’s beginning point and a ending 
tangent vector of first spline is equal first tangent vector of second spline to maintain 
path smoothness. A particle is coded as spline parameters. Fitness function penalize 
long paths but most of all it should increase fitness value for splines that encroach 
obstacles: 
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Dsafe – minimum distance of the robot to approach an obstacle 
(constant), 

dmin – minimum distance of particular path to an obstacle, 
α – weighting factor to adjust the proportion of the length and the 

safety. 

Similar way of expressing fitness is to evaluate each position by taking into 
an account its distance to the goal position and distance from nearest obstacle [222]: 
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|| ⋅ || – distance function, 
p – position of robot, 
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oj – j-th obstacle, 
T – target position, 
w1 – obstacle clearance scaling factor, 
w2 – distance to goal position scaling factor. 

Such definition allows implementation of the method for environments with 
moving obstacles if only obstacle description method would be efficient enough so 
that path planning method is able to assess the position of moving obstacle (and in 
result a distance to obstacle minj || p – oj || (75)) properly in order to incorporate its 
position into calculations. Another way is to perform an optimization of graph path 
on the MAKLINK graph [223–225] or a visibility graph [226]. 

Two new methods are introduced as an extension of classical PSO in [227]. 
These are the chaotic particle swarm optimization and second order oscillating PSO. 
Both of these methods modify the cognitive and social behaviors, i.e. the velocities 
dependence on own and best particle position. In the chaotic particle swarm 
optimization the novel approach lies in the initialization of velocity and position of 
a single particle as well as the treatment of global best position. Most of particle 
positions are generated by so called chaotic sequence [228]. This keeps the 
randomicity of initial population. For the second order oscillating PSO a velocity of 
classical PSO of (76) of a particle is calculated as follows (72) [227]: 
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vi(t+1) – velocity of i-th particle in the next iteration, 
pi – best particle’s solution, 
pg – best population’s solution, 

xi(t) – particle, 
φ1, φ2 – cognitive and social scaling factors, 
ξ1, ξ2 – oscillation coefficients for cognitive and social behavior. 

The velocity is therefore calculated based on previous and one before 
previous velocities values reaching better convergence. 

Further extensions of PSO aim in specialization of a search i.e. hybridizing 
an algorithm by incorporating problem-specific knowledge. In [225] particles are 
searched within a narrowed region of a search space called a “active region” which 
reduces a number of probable particle configuration that are not crucial for a global 
path planning problem. In [229] authors propose to replace invalid paths (particles) 
with global best solution or local best solution rather than reinitialize particle. 

Further extensions of PSO aim in specialization of a search i.e. hybridizing 
an algorithm by incorporating problem-specific knowledge. In [225] particles are 
searched within a narrowed region of a search space called a “active region” which 
reduces a number of probable particle configuration that are not crucial for a global 
path planning problem. Also the mechanism of replacing invalid candidate solutions 
– particles global solution or local optima reduces iteration time by removing the 
necessity of reinitialising particles. 
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a)  
 

b)  
 

c)  

Fig. 58. Some examples of path planning using the particle swarm optimization; a) Ferguson 
splines PSO [219]; b) Chaos PSO [227]; c) Second Order PSO [227]. 
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In [229] authors propose to replace invalid paths (particles) with global best 
solution or local best solution rather than reinitialize particle. This avoids premature 
convergence by harmonizing global search and local search abilities whilst gaining 
rapid convergence to the satisfactory solution. The authors achieve the goal by 
applying static, dynamic, annealing and adaptive penalty functions. Some examples 
of global path planning by particle swarm optimization can be found in Fig. 58. 

4.4. Simulated annealing in GPP 
Simulated Annealing is a simple metaheuristic generic algorithm for a global 
optimization with a given function. It is widely used when the search space is 
discrete – as in the case of GPP. It was introduced by Kirkpatrick, Gelatt, and 
Vecchi [230] and is an adaptation of Metropolis–Hastings algorithm [231] which is 
a Morkov chain Monte Carlo method [232]. The name comes from an inspiration of 
annealing in metallurgy that needs a specific procedure for heating and cooling. 

 

Fig. 59. The outline of simulated annealing. Maximization problem is assumed. 
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The algorithm consists in iterative sampling of a search space for solution 
(Fig. 59). It starts from selecting a point s in a search space. Next a sampling for a 
next possible step s’ in the neighbourhood of is performed. If s’ has a better 
assessment than previous point s, it is unconditionally accepted (s ← s’) and if the 
value of v(s’) does not satisfy termination condition the process is repeated. On the 
contrary if v(s’) < v(s) it is accepted with a probability p, that depends on parameter 
(temperature of cooling) T: 
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Once the termination condition is met for current value of T the next 
(smaller) T is set according to cooling ratio g(T, t) and whole process starts from the 
very beginning until halting criterion. The temperature T controlls the “acceptance 
ratio” for worse than current solution, whilst cooling ratio g(T, t) sets the way how 
this acceptance changes over time. 

To summarize: in the simplest case a simulated annealing needs to define 
following elements prior to run: the neighborhood function of current point in 
a search space, initial temperature Tinit, the cooling ratio g(T, t) and the minimum 
temperature Tmin which determines halting criteria. Tinit, g(T, t) and Tmin control the 
algorithm’s behavior whilst the neighborhood search is purely problem related – 
GPP path search will focus mainly on this operator. 

A classic approach for a path planning using Simulated Annealing is 
presented in [233]. The evaluation criterion is the path length. The map consists in 
convex polygons, while a path is represented as a sequence of vertices. Therefore 
algorithm of path planning considered is a graph solving technique. The pseudo 
code for this technique is presented below in Fig. 60. Obstacles are dilated for 
assuring robot’s minimum distance to obstacles (dashed line in Fig. 60b) and 
vertices V of each polygon are determinate (yellow dots in Fig. 60b). After that 
a visibility of each vertices pair is defined. 

Vertices sampling starts from B node and the inner loop of an algorithm 
collects following vertices on the path. In Fig. 60b) a result of a run of an inner loop 
produced a path: [B, V16, V6, V2, V11, V10, V14, V9, V19, E]. However presented method 
is optimal in sense of path length30 the last step of an algorithm (after cooling is 
done) would produce a path identical to visibility diagram (see section 3.1.1), whilst 
sampling technique will be identical to A* star method (see section 3.3.5). 

Several improvements over classical Simulated Annealing have been 
proposed for a Global Path Planning. In [234] authors propose best reserve 
mechanism. It consist of remembering the best solution of a search process meeting 
in a so-called conservator. Results from pure SA and conservator are compared after 
halting condition and a superior one is chosen. Another way is to employ Improved 
simulated annealing mixed optimize algorithm. This uses a Powell [235] approach 
for optimizing multi-dimensional functions (as a fitness function of GPP is). The 
search process is done successively n + 1 times. For each of these steps a lineary 
independent direction is chosen. If best solution on that direction is found another 

                                                 
30 If only one considered obstacle dilation performs as a preparatory step of an algorithm. 
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step is performed: new linearly independent direction towards the starting point until 
all n directions are penetrated. After that one of n-th direction is replaced by  
(n + 1)-th and then the algorithm begins in new phase. 

a)                     
T = Tinitial;  
while (T > Tterminate)  

randomly generate one feasible solution Xs;  
evaluate Xs, count = 1;  
while (count < Threshold)  

generate a new feasible solution Xn base on Xs;  
evaluate Xn,  
if f(Xn) < f(Xs) Xs = Xn;  

else if rand(1) < (exp((f(Xs) − f(Xn))/T) Xs = Xn; 
count = count + 1;  

endif  
endwhile  
T = cool rate ⋅ T; 
update Xs at each reduction of temperature T  

endwhile  
Xs is the optimal or near-optimal solution for the robot. 
 

b)  

Fig. 60. a) The pseudo code for Simulated Annealing for GPP; b) Example path by simulated 
annealing method presented in [233]. 

Basically Simulated Annealing itself does not employ a clear definition of 
a neighborhood search. Therefore in most cases it is combined with other methods. 
In [236] an integration of SA with artificial potential field is proposed. Artificial 



4. Advanced heuristic methods in the GPP 

 110 

Potential field is basically a steppes descent method and it is greedy in its behavior, 
whilst simulated annealing is an iterative stochastic “hill climber”. Therefore 
connecting these methods is natural such as iterative greedy algorithms developed 
into methods like simulated annealing or taboo search. 

The initial path for this methods consists in a list of nodes similar to the one 
obtained from visibility graph. In order to increase the robot-obstacles distance are 
subjected to the potential function describe by (74). Additionally two other forces 
are employed: Ulength of (75) and Ucross of (76) for keeping the path shortest possible 
and to maintain small number of obstacle crossings respectively. 

 ( ) ( )
( ) 

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1  (74) 

 LKU lengthlength =  (75) 

 crosscrosscross NKU =  (76) 

Kcen(i), Klength, Kcross – scaling factors, 
ρcen(i) – distance to the centroid of obstacle i, 

L – length of the path, 
Ncross – number of crossing to the obstacle boundaries. 

 

Set Path = Start-path (for simulated annealing), 
Set T = T0, 
While T ≥ Tj and not escaped, perform this loop: 

Pick random point P out of the points in Path that indicate 
a collision with the obstacle. 

Set Path’ to random neighbour path of Path (which 
neighbours Path at P). 

Set ∆ = U(Path’) – U(Path). 
If ∆ ≤ 0, set Path = Path’. 
If ∆ > 0, set Path = Path’ with probability e–∆/T. 
If U(Path’) < U(Start-path), then successful escape. 
Set T = rT. 

If not escaped then return Failure, else return Path. 
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a) initial candidate path 

 
b) path trapped at local minimum 

 
c) successful escape from local minimum

 
d) final collision-free path

Fig. 61. a) Sample minimum of the field to escape from by Simulated annealing method; 
b) Algorithm pseudo code; c) Results obtained by introducing additional potential 
functions. 

Basically a APF is calculated on the map and Simulated Annealing is used to 
escape local minims of the field (Fig. 61a). Therefore SA is used to sample next 
configuration in the field. Global Path Planning tries to minimize the entire path 
potential value by exchanging these parts of the path that are of high potential to 
ones that have smaller potential. In [236] it is done by introducing additional 
potential functions for algorithm with block schema is presented in Fig. 61b. 

Similar approaches can be found in many papers, from which the most 
famous are [237, 238]. Remaining methods that make use of Simulated Annealing 
presented amongst all in papers such as [234, 239, 240] base on Artificial Neural 
Networks. 



 112 

5. Summary 

The GPP problem is one of the most crucial and important problems of robotics and 
is one of two foundations of movement autonomy of any unmanned ground vehicle, 
including mobile robots. Over 40 years of research have resulted in the development 
of a large group of optimal and heuristic methods and we still witness an active 
research activity to develop new methods mainly because of an unsatisfactory 
computational efficiency of the known methods, their inflexibility, their quite 
limiting underlying assumptions, a difficulty with their combination with the LMP 
methods, etc. Under the most common assumptions the GPP problem is NP-hard [9] 
– for a full review of computational complexity we refer the reader to Chapter 3 of 
[241]. In general, the methods developed are evaluated with respect to time and 
memory space complexity, completeness and optimality. A path planner is said to be 
complete if it always returns a path, if one exists, but also informs if a path does not 
exist. Moreover, a GPP algorithm is called optimal if the returned path is optimal 
under the performance function and assumptions adopted. 

All the methods for solving the GPP problem can be divided into several 
categories: 

– grid and decomposition based algorithms, 
– computational geometry algorithms, 
– potential fields algorithms, sampling based algorithms, and 
– meta-heuristics based algorithms, 

but all of them transform the real world into the C-space that has to take into account 
geometric features of the robot. Choosing a proper C-space representation is a key 
point because it implies the use of one or more methods listed above. 

The earliest approaches [44, 66, 109] exemplified by those based on the 
Voronoi/visibility diagram were based on geometrical computations and constituted 
simple deterministic methods of building a roadmap. Moreover, they represented 
methods with a point robot (holonomic) and polygonal obstacles where roadmap 
between points were calculated. Comparing them to the currently used methods it is 
easy to see that they were not computationally complex, and also were characterized 
by the fact that just one criterion was optimized at a time, exemplified by the 
maximization of the robot-to-obstacle distance in the case of the Voronoi diagram, 
and the path length in the case of the visibility graph. 

In the potential field approach [30, 94–96], the robot is seen as a particle in 
the artificial field that consist of two fields: 

– a goal attracting the robot, and 
– an obstacles repelling it. 

The never ending problem with local minima is serious here. In the group of 
graph algorithms, the most common technique consists in creating the topological 
connections between points in mostly regular grid and then calculating a graph path 
from the start to goal position. In many cases the path produced by the graph is 
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suboptimal. As the number of graph vertices grows, the planned path becomes 
smoother but the computational time increases dramatically. 

The sampling methods are another group of possible solutions to the GPP 
problem. The C-space is sampled there and a graph is created. Regular sampling 
leads to grid-based methods but probabilistic methods sample the C-space on the 
basis of different circumstances such as the presence and setting of obstacles. The 
configurations sampled form then a graph which is then solved for finding a path. 

As the methods mentioned were have been considered to be inflexible, the 
use of various meta-heuristics has started to dominate over the last 20 years. For 
these methods, in general, time and space complexity cannot be determined and in 
theory they cannot guarantee to yield results at all. Nevertheless, in practice the 
results they yield are near-optimal. Also, though the convergence of these methods 
is not guaranteed, since each iteration produces better and better results than the 
previous one, they guarantee a constant progress. On the other hand, the great 
advantage of them is easiness to incorporate multiple objectives in the optimization 
so that not only the shortest paths is being found but also a path that has other 
desired properties exemplified by the path cost. The use of genetic algorithms yields 
several candidate answer during one iteration of the algorithm and is insensitive to 
dynamic environment changes. 

For an easy comparison of the GPP algorithms, their main characteristics are 
summarized in Table 10. 
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Table 10. A summarization of Global Path Planning Algorithms including main properties: 
optimality, completeness advantages and disadvantages. 

Method name Year
Main 

contributors 
C-space representation Complexity Completeness 

Visibility graph 1969
Lozano-Pérez, 

Wesley, Nilsson

Two dimensions, but the 
idea of visibility can be 

extended to any number of 
degrees in C-space 

O(n logn +|E|) YES 

Triangulation 
methods 

 
 
 

1984 Lee, Preparata Two dimensions O(n) YES 

Voronoi diagrams
 
 
 

1644 Shamos Two (three) dimensions O(n logn) YES 

Probabilistic 
roadmaps 

 
 
 

1996 Kavraki No-limitation 
Cannot be 

determined31 Probabilistically 

Potential fields 1986 Khatib 

Three dimensions (position 
only) 

 
 
 

Cannot be 
determined 

NO 

Wavefront 
planners 

1991

Latombe, 
Barraquand, 

Brock 
 

Up to four dimensions O(n) YES 

Depth-first search 
Breadth-first 

search 
  

Any number, but the 
traversal cost has to be 

specified 
O(|V| +|E|) YES 

Uniform cost 
search and the 

Dijkstra algorithm
1959 Dijkstra 

Any number, but the 
traversal cost has to be 

specified 
O(bc/M) YES 

Trulla algorithm 1991 Mitchell 
Any number, but the 

traversal cost has to be 
specified 

Cannot be 
determined 

YES 

A* algorithm and 
variations 

1968 Hart, Nilsson 

Any number, but the 
traversal cost and heuristics 

function h have to be 
specified 

 

At least 
O(logh *(x)) 

YES 

Simmulated 
Annealing 

1983

Kirkpatrick, S.; 
Gelatt, C. D.; 
Vecchi, M. P.

 

Any number 
Cannot be 
determined 

NO 

                                                 
31 The basis of the method is probabilistic. 
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Table 10. A summarization of Global Path Planning Algorithms including main properties: 
optimality, completeness advantages and disadvantages. 

Path optimality Advantages Disadvantages 

YES in the sense of path 
length 

Simple to calculate Polygonal convex obstacles only, single 
criteria optimization, works only for binary 
maps, robot treated as point, mainly for static 
environments 

NO, if a path relaxation 
technique is used the 
method give identical 
result to visibility graph 

Low computational complexity, 
a map does not have to be of a 
rectangloid shape 

Polygonal convex obstacles only, single 
criterion optimization, works only for binary 
maps, robot treated as a point, requires a 
path relaxation, mainly for static 
environments 

YES (in the sense of 
maximization of the 
robot-to-obstacle 
distance) 

Easy to calculate by the divide 
and conquer method, it is easy to 
incorporate disc shaped robots 

Non-optimal in the sense of distance, no 
multi-objective optimization, only for three 
dimensional C-space, mainly for static 
environments 

NO – only near an 
optimal solutions 

A lot of different sampling 
techniques, possible for non-
holonomic robots, easiness in 
defining distances between non-
position configurations 

Computationally expensive, each iteration 
takes more time, the paths produced are 
jagged – a smoothing technique required, 
mainly for static environments 

NO Easy and intuitive to calculate, 
robust, produces smooth paths 

Local minima that need additional 
techniques to overcome, hard to incorporate 
more dimensions in the  
C-space, mainly for static environments, 
needs first the cell decomposition 

YES Simple to implement, may 
include traversal cost 

Needs smoothing, produces paths that are 
closely hugging obstacles, need a wall 
following behavior for support, mainly for 
static environments 

YES Simple to implement Non-optimal search that depends on the 
branching factor or graph depth, only for 
non-negative edges weights 

YES Simple to implement, produces 
paths for each vertex 

Incorporates edge weights, only for non-
negative edges weights 
 

NO Easy to combine with LMP Needs prior decomposition, produces paths 
similar to the wavefront planners 
 

YES Low time complexity, easy to 
implement 

Path produced is not smooth, can be used 
mainly for the up to 3-dimensional C-space 
because it is hard to define a heuristic 
function; the number of path subgoals can be 
decreased by using the Theta* extensions 

NO Easy to implement Need a special tuning (no self tuning 
meachnism). A generic method so that the S-
space and C-space need to be prepare using 
other methods prior to path planning 
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Method 
name 

Year 
Main 

contributors 
C-space 

representation 
Complexity Completeness 

Genetic 
Algorithms 

1991 
Xiao, 

Michalewicz 
Any number 

Cannot be 
determined 

 
 

NO 

Ant Colony 
methods 

1991 
Dorigo, Hoos, 

Stützle 

Any number, but a 
specific pheromone 

deposit function has to be 
elaborated 

Cannot be 
determined 

NO 

Particle Swarm 
Optimization 

1995 
Kennedy, J.; 
Eberhart, R 

Two dimensions, but often 
S-space is transformed 

 

Cannot be 
determined 

NO 
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Path 

optimality 
Advantages Disadvantages 

NO Several paths are calculated in parallel; most 
of the genetic algorithm operators can be 
calculated in parallel multiple criteria possible; 
can be applied to dynamic environments 

Complicated to implement; uses more 
computer resources, notably for offline 
planning 

NO Several near optimal path are calculated; can 
be easily implemented for dynamic 
environments 
 

Computationally expensive; newer 
methods are difficult to implement 

NO 
Easy to implement, more efficient than 
exhaustive search. Population based search. 
Small number of parameters to tune 

Poor convergence. Only one parameter 
for controlling exploration and one for 
exploitation, therefore these tasks cannot 
be reconcile 
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